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Abstract

A graph labeling is a mapping from the set of edges, vertices, or both to a set of labels.

Usually the labels are positive integers. Magic labelings were introduced more than forty

years ago by Sedláček. In this thesis we focus on three magic-type labelings.

A vertex magic total labeling λ assigns distinct consecutive integers starting at 1 to

both vertices and edges of a given graph G so that the sum (weight)

wλ(x) = λ(x) +
∑

y∈N(x)

λ(xy)

is constant for all vertices in the graph. Vertex antimagic total labelings require the

weights to form an arithmetic progression. Supermagic labelings assign labels only to

edges of G and again we require the weight

wλ(x) =
∑

y∈N(x)

λ(xy)

to be equal for every vertex in G.

After a summary of known results we give a general result on (s, d)-vertex antimagic

total labelings of cycles.

The notion of magic labelings is generalized to use labels from Z and generalized

labelings are used to find vertex magic total labelings of products of regular graphs

G � H. Often to construct one magic-type labeling we use the same or a different

magic-type labeling of the graphs G and H of the product.

Often a “pattern” plays an important role in constructing a vertex magic total la-

beling of regular graphs. The “patterns” which proved to be useful are based on Kotzig

arrays. The second part of the thesis explores constructions based on Kotzig arrays of

various magic-type labelings of copies and products of regular graphs.

If we find a decomposition of a graph G into certain magic-type factors Fi, we can

combine the known labelings of Fi to obtain a magic-type labeling of G. Special cases

of such general theorems are used to find vertex magic total labelings and supermagic

labelings of compositions of graphs.

A conjecture by MacDougall et al. says that any regular graph other than K2 or

2K3 is vertex magic total. All results in this thesis support the conjecture and we give

constructions of vertex magic total labelings for certain general classes of regular graphs.
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1 Introduction and known results

1.1 Graph labelings

In this thesis we use standard terminology and notation which is common in graph

theory. We give definitions of basic terms. For further reference we suggest any graph

theory book, e.g. [West].

Let G(V,E) be a graph. We assume G is a finite simple graph (without multiple edges

and loops). A labeling of G is a mapping from the set of vertices, edges, or both vertices

and edges to a set of labels. In most applications labels are positive (or nonnegative)

integers, though in general real numbers could be used.

Graph labelings have proved to be useful in a number of applications. The various

labelings are obtained based on requirements put on the labelings. Among the most

common labelings are graceful and harmonious labelings. Graceful labelings are for

instance used in decompositions of complete graphs K2n+1 into subgraphs with n edges.

In graph related problems based on error correcting codes, harmonious labelings are

applied.

Magic graph labelings are a natural extension of the well known magic squares and

magic rectangles. The origins of the notion of magic squares can be traced back more

than 4000 years. The first magic square known to be recorded was a 3 by 3 magic square

called Lo Shu around 2200 BC. According to the legend about the Chinese Emperor

Yu, from the book Yih King, the diagram was found on the shell of a divine turtle (see

Figure 1.1).

Figure 1.1: Lo Shu magic square, ancient and newer view.

The first record of a magic square in Europe is found on a famous engraving from

1514 by the German artist and scientist Albrecht Dürer (see Figure 1.2).

Extending the “magic” idea to graphs we want the sum of labels related to an edge

or a vertex to be constant over the graph. The first magic-type labeling was introduced

by Sedláček in 1963 (see [Sedl]). He labeled edges of a graph with real numbers and

required the sum of labels of all edges incident to a vertex to be constant. Stewart

(see [Stew2]) calls a labeling supermagic if the labels are integers 1, 2, . . . , |E| and are

all different.

1



1 INTRODUCTION AND KNOWN RESULTS 2

Figure 1.2: Dürer’s “Melancholia” with a magic square in the upper right corner.

Another labeling was introduced in 1970 by Kotzig and Rosa. They called a labeling

edge magic if both the edges and the vertices of a graph are labeled by distinct integers

1, 2, . . . , |E|+ |V | so that the sum of an edge label and the labels of both end vertices

does not depend on the edge.

Many other labelings of graphs have been studied since then, including labelings of

faces of planar graphs. A unified terminology was proposed by Wallis in [Wal1]. We

follow his suggestions in this thesis. If we label just edges, we call the labeling an

edge-labeling. By labeling just vertices we get a vertex-labeling. We call a labeling a

total-labeling if we label both edges and vertices. If the sum of labels of an edge and

both end vertices does not depend on the edge, we call the labeling an edge-magic type

labeling. If the sum of labels of a vertex and all incident edges is constant, we call the

labeling a vertex-magic type labeling.

Magic-type labelings are useful when a check sum is required or a look up table has to

be avoided. A simple graph can represent a network with nodes and links with addresses

(labels) assigned to both links and nodes. If the addresses form an edge-magic labeling,

knowing addresses of two vertices is enough to find the address of their link without a

look up table simply by subtracting the addresses from the magic constant. Another

application of magic-type labelings is in radar pulse codes where an optimal transmitted

pulse-train can be obtained.
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There is a large number of articles published on magic-type graph labelings and also

one monograph [Wal1]. The best source for information is the dynamic survey by Joseph

Gallian [Gal].

1.2 Vertex magic total labelings

The concept of vertex magic total graphs is rather new. It was introduced in 1999 by

MacDougall, Miller, Slamin, and Wallis in [DMSW]. As the name suggests, we label

both vertices and edges of a given graph and evaluate the sum of labels for each vertex.

By N(x) we denote the set of all vertices adjacent to a given vertex x. We call the

vertices the neighbours of x and the set N(x) the neighborhood of x.

Definition 1.1 Let G(V,E) be a graph with vertex set V and edge set E. We denote

v = |V | and e = |E|. A one-to-one mapping λ : V ∪ E → {1, 2, . . . , v + e} is called a

vertex magic total labeling (VMT) of G if there exists a constant k such that for every

vertex x of G

λ(x) +
∑

y∈N(x)

λ(xy) = k. (1)

The sum (1) is called the weight of vertex x in the labeling λ and denoted by wλ(x).

The constant k is the magic constant for λ.

Examples of a VMT labeling are in Figure 1.3 and in Figure 1.4. We call a graph

which has a VMT labeling a VMT graph. We use the notation v = |V | and e = |E|

through the rest of the thesis.

�
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Figure 1.3: Vertex magic total labeling of C8 with the magic constant k = 22.
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Figure 1.4: Vertex magic total labeling of K4 with the magic constant k = 20.

1.3 Summary of known results on VMT labelings

An interesting observation is that for a given graph we can find VMT labelings with

different magic constants using the same set of labels (see Figure 1.5). Every vertex

label is counted once and every edge label is counted twice, once for each end vertex.

Thus, the higher the labels on edges are, the higher the magic constant can be. The set

of all possible magic constants is the spectrum of the magic labeling problem. A natural

question arises: what is the magic spectrum of a given graph.

�
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k = 35
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v1

10

9 8

7

6

11

5

13
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14
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24

k = 40

Figure 1.5: Compare VMT labelings of K5 with magic constants k = 35 and k = 40.

For a regular graph we can find bounds for the magic constant. If we find a VMT

labeling in which the edges are labeled with the first e integers, we get the lowest possible

magic constant. On the other hand, if we find a VMT labeling in which the vertices are
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labeled with the first v integers, we obtain the highest magic constant.
(
v+e+1

2

)
+
(
e+1
2

)

v
≤ k ≤

2
(
v+e+1

2

)
−
(
v+1
2

)

v
.

The computation can be found in [Wal1, DMSW, MsP].

Given a VMT labeling λ of G(V,E), we can create a new labeling by “swapping” the

labels. The labeling λ′ defined by

λ′(x) = v + e+ 1− λ(x) ∀x ∈ V

λ′(xy) = v + e+ 1− λ(xy) ∀xy ∈ E

is called the dual labeling to λ. Among other results was in [DMSW] shown

Theorem 1.2 Let λ be a VMT labeling of G. The dual labeling to λ is a VMT labeling

if and only if G is a regular graph.

The dual labeling can have a different magic constant. If G is an r-regular graph

with a VMT labeling λ, the magic constant of the dual labeling λ′ is

k′ = (r + 1)(v + e+ 1)− k,

where k is the magic constant of λ. The proof is in [DMSW]. Dual labelings are easy

to obtain. In a count we do not consider dual labelings as different vertex magic total

labelings.

One more general result for regular graphs is shown in [DMSW] and also in [Wal1].

Theorem 1.3 Let G be an r-regular graph having a VMT labeling λ in which the label

1 is assigned to some edge xy. The graph G′ = G− xy has also a VMT labeling.

The proof is straightforward. In [Wal1] it is shown that the labeling λ′ of G′(V,E)

λ′(x) = λ(x)− 1 ∀x ∈ V

λ′(xy) = λ(xy)− 1 ∀xy ∈ E \ {xy}

is a VMT labeling of the graph G−xy. The magic constant is k′ = k−(r+1). Moreover,

in [Wal1, DMSW] the following result is obtained.

Theorem 1.4 If G(V,E) is an r-regular graph and xy such an edge in E that G−xy

has a VMT labeling, then the labeling is derived from a VMT labeling of G by the process

described in the proof of Theorem 1.3.

For r = 2 immediately follows:

Corollary 1.5 Every VMT labeling of Pn is derived from a VMT labeling of Cn.

There are no sufficient conditions known for a graph to have a VMT labeling, but

an unpublished conjecture by MacDougall says that any regular graph other than K2 or

2K3 is vertex magic total (see [McQ]). More concerning the conjecture can be found in

Chapter 8.
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Graph Labeling Notes

Cn VMT [DMSW]

Pn VMT n > 2 [DMSW]

Km,m VMT m > 1 [DMSW][LM]

Km,m − e VMT m > 2 [DMSW]

Km,n VMT iff |m− n| ≤ 1 [DMSW]

not VMT if n > m+ 1

Kn VMT for n odd [DMSW]

for n ≡ 0 (mod 4), n > 2 [LM]

for n ≡ 2 (mod 4), n > 2 [DMSW2]

Petersen P (n, k) VMT for all n and k [BMS]

prisms Cn � P2 VMT for all n [SlM]

Wn VMT iff n ≤ 11 [DMSW]

Fn VMT iff n ≤ 10 [DMSW]

friendship graphs VMT iff # of triangles ≤ 3 [DMSW]

G+H VMT |V (G)| = |V (H)|

and G ∪H is VMT [Wal1]

unions of stars VMT [Wal1]

tree with n internal vertices

and more than 2n leaves not VMT [Wal1]

nG VMT n odd, G regular of even

degree, VMT [Wal2]

nG VMT G is regular of odd

degree, VMT, but not K1 [Wal2]

Cn � C2m+1 VMT [FKK1]

K5 � C2n+1 VMT [FKK2]

G � C2n VMT G 2r + 1-regular VMT [Kov1]

G � K5 VMT G 2r + 1-regular VMT [Kov1]

G � H VMT G r-regular VMT, H 2s-regular SPM,

r odd or 4 even and |H| odd [Kov2]

G � H VMT G r-regular VMT, H 2s-regular SPM,

r odd or r even and |H| odd [Kov2]

two 2-regular graphs joined VMT [McQ]

with a perfect matching

Table 1.1: Summary of results on vertex magic total labelings.
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The Table 1.1 appeared in the current edition of the survey [Gal]. Preparation of

the summary tables was part of a summer project1.

The table summarizes results on VMT labelings. From the table it is apparent

that the existence of VMT labelings is known for most basic families of graphs such

as complete graphs, bipartite graphs, cycles, etc. Notice there are only few general

results: one result by Wallis concerning VMT labelings of copies of a given VMT graph

(see [Wal2]) and a couple of results on Cartesian products of regular graphs. These

results are examined in more detail in Section 4.2, Chapter 6 and Chapter 7.

1.4 Supermagic labeling

One of the oldest magic-type labelings is the supermagic labeling introduced by Stewart

(see [Stew2]) in 1967. Stewart calls a graph semi-magic if there exists a labeling of the

edges of the graph with integers such that for every vertex v of the graph the sum of the

labels of all edges incident to v equals to the same constant (see [Stew1]). If moreover

all the edge labels are distinct positive integers, he calls the labeling magic. A special

case of a magic labeling is the supermagic labeling.

Definition 1.6 Let G(V,E) be a graph with vertex set V and edge set E. We denote

e = |E|. A one-to-one mapping λ : E → {1, 2, . . . , e} is called a supermagic (SPM)

labeling of G if there exists a constant h such that for every vertex x of G

∑

y∈N(x)

λ(xy) = h. (2)

The constant h is the magic constant for λ and the sum (2) is called the weight of vertex

x in labeling λ and denoted by wλ(x). We call a graph to be an SPM graph if it has an

SPM labeling.

An example of a supermagic labeling is in Figure 1.6.

�

v1 v2 v3 v4

v5 v6 v7 v8

1

2

3

4

5

6

7

8

9

10

11

12

13

14

1516

Figure 1.6: Super magic labeling of K4,4 with h = 34.

1Funding to include figures, tables and index to survey [Gal] was provided by the University of

Minnesota Duluth.
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We shall point out that Wallis calls this labeling a vertex-magic edge-labeling. In

this thesis we use the term supermagic introduced by Stewart in [Stew2]. Later, some

authors used the term super in a different meaning, namely if the set of vertex labels in

a total labeling is {1, 2, . . . , |V |}. For a detailed overview on labelings we refer to [Gal].

Graph Labeling Notes

Kn SPM for n ≥ 5 iff n > 5,

n 6≡ 0 (mod 4) [Stew2]

Möbius ladders Mn SPM if n ≥ 3, n is odd

Cn � P2 not SPM for n ≥ 4, n even [Sedl]

Composition of SPM if m ≥ 3, n ≥ 2

Cm and Kn

Kn, n, . . . , n
︸ ︷︷ ︸

p

SPM n ≥ 3, p > 5 and

p 6≡ 0 (mod 4)

Composition of SPM if n ≥ 3

r-regular SPM

graph and Kn

Composition of SPM if k = 3 or 5,

Kk and Kn n = 2 or n odd

null graph with n vertices

mKn,n SPM for n ≥ 2 iff n is even or

both n and m are odd

Qn SPM iff n = 1 or n > 2 even

Cm � Cn SPM m = n or m, n even [Iv]

Cm � Cn SPM ? for all m and n [Iv]

Table 1.2: Summary of results on supermagic labelings.

1.5 Summary of known results on SPM labelings

The classic n× n magic square corresponds to the supermagic labeling of Kn,n.

For a given graph G every supermagic labeling has the same magic constant. For an

r-regular graph with e edges the magic constant is

h =
1

2
r(1 + e). (3)

The dual labeling λ′ to an SPM labeling of a regular graph G defined by

λ′(xy) = e+ 1− λ(xy) ∀xy ∈ E
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is not of much interest, since it yields the same magic constant.

The Table 1.2 appeared in the recent survey [Gal]. From the table it is apparent

that the existence of an SPM labelings is known for most basic families of graphs such

as complete graphs, complete multipartite graphs, hypercubes, etc.

Some more general results concerning SPM labelings were published in [Iv]. We prove

similar and more general results later in Section 6.2 and in Section 8.2. The question

mark after SPM means that the existence of an SPM labeling is conjectured.

1.6 Vertex antimagic total labelings

In general for a magic-type labeling we require the weights of all elements (edges and/or

vertices) to be the same. In an antimagic labeling we require the exact opposite: all

the weights have to be different. This is not difficult to achieve, thus we put additional

restrictions on the labeling. Certainly, most interesting are labelings where the weights

form an arithmetic progression. Such labelings were introduced in [BBDMSS] in 2000.

Definition 1.7 Let G(V,E) be a graph with vertex set V and edge set E. Let v = |V |,

e = |E|. A one-to-one mapping λ : V ∪E → {1, 2, . . . , v+e} is called a vertex antimagic

total labeling of G if the sums

λ(x) +
∑

y∈N(x)

λ(xy) (4)

are distinct for all vertices x of G. The sum (4) is called the weight of vertex x in labeling

λ and denoted by wλ(x). The labeling λ is called an (s, d)-vertex antimagic total labeling

(VAMT) of G if the weights (4) form an arithmetic progression

s, s+ d, . . . , s+ (v − 1)d.

Not only are antimagic labelings interesting on their own, but they are a useful tool

for constructing vertex magic total (VMT) labelings of products of cycles and other

regular graphs, see Chapter 4.

1.7 Summary of known results on VAMT labelings

In [BBDMSS] the followings results are shown:

Theorem 1.8 The dual labeling to an (s, d)-VAMT labeling of a graph G is an (s′, d)-

VAMT labeling for some s′ if and only if G is regular.

The lowest weight of the dual labeling is

s′ = (r + 1)(e+ v + 1)− s− (v − 1)d.
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In [BBDMSS] also a similar result to Theorem 1.3 was shown:

Theorem 1.9 Let G be an r-regular graph with a total labeling in which some edge xy

receives the label 1. Then G has an (s, d)-VAMT labeling if and only if G − xy has an

(s′, d)-VAMT labeling with s′ = s− (r + 1).

This theorem allows us to find a VAMT labeling of the cycle Cn given a VAMT

labeling of a path Pn. The other way works only if the label 1 happens to be assigned

to some edge. In Chapter 2 we focus on (s, d)-vertex antimagic total labelings of cycles,

but using Theorem 1.9 most of the results can be rephrased for paths.

Another set of results in [BBDMSS] is focused on the relationship between various

magic-type labelings.

Theorem 1.10 Every supermagic graph G has an (s, 1)-VAMT labeling.

Theorem 1.11 Let G be a graph with a total labeling whose vertex labels constitute

an arithmetic progression with difference d. Then G has a VMT labeling with constant

k if and only if G has an (s, 2d)-VAMT labeling where s = k + (1− v)d.

Theorem 1.12 Every (s, d)-antimagic graph has an (s+ e+1, d+1)-VAMT labeling

and an (s+ e+ v, d− 1)-VAMT labeling,

(s, d)-antimagic labelings of prisms were studied in [BH]. In [BBDMSS] an open

problem was posted: are there other ways how to obtain an (s, d)-VAMT labeling from

a VMT labeling besides the construction in [BBDMSS]? One solution of the problem

was given in [MsP].

Theorem 1.13 Let G be a graph on an odd number of vertices n = 2r + 1 that has a

vertex magic total labeling with a magic constant k such that the vertex labels constitute

an arithmetic progression with difference d starting with s. Then G has an (k− n−1
2 , d)-

vertex antimagic total labeling.

Proof. See [MsP]. �

Theorem 1.13 applies to the case that n is odd. The approach presented in Theo-

rem 1.13 cannot be used for n even as follows from the next theorem.

Theorem 1.14 Let G be a graph on an even number of vertices n = 2r. Suppose

G has a vertex magic total labeling λ with a magic constant k such that the vertex

labels constitute an arithmetic progression with difference d starting with s. Then no

permutation of vertex labels given by the labeling λ yields an (s′, d)-vertex antimagic

total labeling for some s′.

Proof. See [MsP]. �
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The following Table 1.2 appeared in the recent survey [Gal]. From the table it is

apparent that the existence of an (s, d)-VAMT labelings is known for some basic families

of graphs such as paths, cycles, etc.

Difference Labeling Notes

Cn (s, d)-VAMT wide variety of s and d [BBDMSS]

Pn (s, d)-VAMT wide variety of s and d [BBDMSS]

Kn,n (s, 1)-VAMT n ≥ 3 [BBDMSS]

A class of quartic (s, 1)-VAMT [BHL]

graphs Rn

generalized Petersen (s, d)-VAMT [MB]

graph P (n, k)

prisms Cn � P2 (s, d)-VAMT [BBDMSS] [BH]

antiprisms (s, d)-VAMT

Wn not (s, d)-VAMT for n > 20

Table 1.3: Summary of results on vertex antimagic total labelings.

There are several more antimagic-type labelings, such as (s, d)-edge antimagic total

labelings or (s, d)-face antimagic labelings. In this thesis we focus only on (s, d)-vertex

antimagic total labelings.



2 On (s, d)-vertex antimagic total labelings of cycles

In this chapter we focus on vertex antimagic total labelings of cycles. After a brief

summary of results we give a general construction of vertex antimagic total labelings

with difference 1 and difference 2.

2.1 (s, d)-VAMT labelings of cycles

Vertex antimagic total labelings of cycles were studied in [BBDMSS] and [MsP].

It is easy to see that using the first 2n integers to label vertices and edges of a cycle,

one can achieve vertex antimagic total labelings with only a limited set of differences.

Since every weight is obtained as the sum of three labels, the lowest possible weight is 6

and the largest possible label is 3n−3. This observation is a special case of the following

theorem.

Theorem 2.1 Let G be a graph with smallest vertex degree δ and largest vertex degree

∆. Let λ be an (s, d)-vertex antimagic total labeling of G. Then

(1) d ≤ (∆+1)(2(v+e)−∆)−(δ+1)(δ+2)
2(v−1)

(2) (δ+1)(δ+2)
2 ≤ s ≤ 1

2(∆ + 1)(2(v + e)−∆)− (v − 1)d.

The proof of the theorem can be found in [BBDMSS]. However, there was a mistake

in the computation of the upper bound of wmax and thus the bound on d was not correct.

The correct statement and the proof can be also found in [MsP].

Substituting δ = ∆ = r in Theorem 2.1 we obtain the following corollary.

Corollary 2.2 Let G be an r-regular graph. If there exists an (s, d)-vertex antimagic

total labeling of G, then

(1) d ≤ (r+1)(v+e−r−1)
v−1

(2) (r+1)(r+2)
2 ≤ s ≤ 1

2(r + 1)(2(v + e)− r)− (v − 1)d.

Moreover, for a cycle is r = 2 and evaluating d ≤ 3(2n−3)
n−1 = 6 − 3

n−1 we get the

following corollary.

Corollary 2.3 For d ≥ 6, there exists no (s, d)-vertex antimagic total labeling of Cn

where the vertex labels and the edge labels are 1, 2, . . . , 2n.

As mentioned in Section 1.6 we can for regular graphs flip the labels: the highest with

the lowest, the second highest with the second lowest and so on. The resulting labeling,

called the dual labeling, will again have the magic properties. We do not consider dual

labelings as separate results, as their existence is apparent.

12
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Graph Labeling Notes

d=1 two (a+ 2b+ n− 1, 1)-VAMT labelings for any n [BBDMSS], [MsP]

one (a+ 2b+ n− 1, 1)-VAMT labeling for n odd [MsP]

d=2 one (a+ 2b+ 2(n− 1), 2)-VAMT for any n [BBDMSS], [MsP]

one (a+ 2b+ (n− 1)/2, 2)-VAMT for n odd [BBDMSS], [MsP]

one (a+ 2b− (n+ 1)/2, 2)-VAMT for n odd [BBDMSS]

two (a+ 2b+ 2(n− 1), 2)-VAMT for n odd [MsP]

d=3 one (a+ 2b+ 1, 3)-VAMT for any n [BBDMSS], [MsP]

one (a+ 2b+ n− 1, 3)-GVAMT for n odd [MsP]2

one (a+ 2b+ (n− 1)/2, 3)-GVAMT for n odd [MsP]2

d=4 one (a+ 2b+ n− 1, 4)-VAMT for n odd [MsP]

d=5 only small cycles [MsP]

Table 2.1: All known different types of (s, d)-vertex antimagic total labelings of cycles.

The Table 2.1 summarizes all known types of antimagic total labelings of cycles. We

consider only cases d > 0. The constant a is the lowest vertex label and b is the lowest

edge label. For d = 0 we obtain a special type of an (s, d)-VAMT labeling, namely the

VMT labeling with the magic constant s.

The notion of VMT and VAMT labelings is generalized in Chapter 3. The primary

goal of the generalization is in constructing magic-type labelings of large graphs based

on magic labelings of smaller graphs, see Chapter 4.

2.2 Large class of (s, 1)-VAMT labelings of cycles

Theorem 2.4 Let n be an integer at least 3. There exist (n−1)! nonisomorphic (3n+

2, 1)-VAMT labelings of Cn where 1, 2, . . . , n are the vertex labels and n+1, n+2, . . . , 2n

are the edge labels.

Proof. Let Cn be a graph with vertices v1, v2, . . . , vn, n ≥ 3, and edges vivi+1 for

i = 1, 2, . . . , n where subscripts are taken modulo n if necessary. We use the notation

v0 and vn interchangeably. Let a1, a2, . . . , an be a permutation of integers 1, 2, . . . , n.

Consider the following labeling

λ(vi) = ai

λ(vivi+1) = 2n+ 1− ai (5)

where i = 1, 2, . . . , n. We prove that λ is a (3n+ 2, 1)-vertex antimagic total labeling of

Cn for any n (see Figure 2.1).

2These two cases consider only generalized (s, d)− VAMT , see Chapter 3.
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Figure 2.1: A (26, 1)-vertex antimagic total labeling of C8.

This fact can be verified easily. Evaluating wλ(vi) for any i we have

wλ(vi) = λ(vi) + λ(vi−1vi) + λ(vivi+1)

= ai + 2n+ 1− ai−1 + 2n+ 1− ai

= 4n+ 2− ai−1.

Since the set of labels ai is {1, 2, . . . , n} is the set of weights {3n+2, 3n+3, . . . , 4n+1}.

Obviously λ is a bijection to {1, 2, . . . , 2n} and thus λ is a (3n + 2, 1)-VAMT labeling.

Since there are (n−1)!
2 different nonisomorphic permutations of vertex labels, we have

(n−1)!
2 different nonisomorphic (3n+ 2, 1)-VAMT labelings of Cn with the vertex labels

1, 2, . . . , n and the edge labels n+ 1, n+ 2, . . . , 2n.

One can show in a similar way that also the labeling

λ(vi) = ai

λ(vivi+1) = 2n+ 1− ai+1 (6)

where i = 1, 2, . . . , n, yields (n−1)!
2 different (3n+2, 1)-vertex antimagic total labelings of

Cn for any n (see Figure 2.2). Subscripts are taken modulo n if necessary. The labelings

given by (5) are different from labelings given by (6), thus we have (n − 1)! different

(3n+ 2, 1)-vertex antimagic total labelings of Cn for any n. �

A natural question arises: how many different (s, d)-vertex antimagic total labelings

of cycles there are: This question is in general difficult and there are no results published

on this topic. The only counting result was published in [DMSW]. The authors used a

computer for an exhaustive search for VMT labelings of K5 and K6.
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Figure 2.2: Another (26, 1)-vertex antimagic total labeling of C8.

For simplicity we can focus only on the (3n+ 2, 1)-VAMT labelings of Cn where the

set of vertex labels has to be {1, 2, . . . , n}. Even in this case the constructions given

in Theorem 2.4 do not cover all possibilities. Comparing the two labelings of C6 given

in Figure 2.3 we see the labeling on the left corresponds to the first construction given

in Theorem 2.4, but the labeling on the right is a different one. Moreover, notice that

in both labelings of C6 the vertices have the same weights on corresponding vertices,

yet we cannot find a second labeling with the same vertex labels and weights as in the

labeling in Figure 2.1. This is easy to see, since the vertex v1 has label 1 and weight 31.

To obtain the same weight, we have to label the adjacent edges 14 and 16. By labeling

the edge v1v2 with the label 16, the remaining labels are forced (this yields the labeling

in Figure 2.1). By labeling the edge v1v2 with the label 14, we cannot keep the vertex

labels and vertex weights, which one can easily verify by trying to do so.
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Figure 2.3: Comparing two (20, 1)-vertex antimagic total labeling of C6.
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2.3 Large class of (s, 2)-VAMT labelings of cycles

Based on the ideas from the proof of Theorem 2.4 we can state a similar result for vertex

antimagic total labelings with difference 2.

Theorem 2.5 Let n be an integer at least 3. There exist (n−1)! nonisomorphic (2n+

3, 2)-VAMT labelings of Cn where 1, 3, . . . , 2n − 1 are the vertex labels and 2, 4, . . . , 2n

are the edge labels.

Proof. Let Cn be a graph with vertices v1, v2, . . . , vn, n ≥ 3, and edges vivi+1 for i =

1, 2, . . . , n where subscripts are taken modulo n if necessary. We use the notation v0 and

vn interchangeably. Let a1, a2, . . . , an be a permutation of the integers 1, 3, 5, . . . , 2n−1.

Consider the following labeling

λ(vi) = ai

λ(vivi+1) = 2n+ 1− ai

where i = 1, 2, . . . , n. Again it is very easy to prove that λ is a (2n+3, 2)-vertex antimagic

total labeling of Cn for any n (see Figure 2.4).
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Figure 2.4: A (19, 2)-vertex antimagic total labeling of C8.

By evaluating wλ(vi) for every i = 1, 2, . . . , n we have

wλ(vi) = λ(vi) + λ(vi−1vi) + λ(vivi+1)

= ai + 2n+ 1− ai−1 + 2n+ 1− ai

= 4n+ 2− ai−1.

Since the set of labels ai is {1, 3, . . . , 2n−1} the set of weights is {2n+3, 2n+5, . . . , 4n+1}.

Obviously λ is a bijection to {1, 2, . . . , 2n} and thus λ is a (2n + 3, 2)-VAMT labeling

for any permutation of vertex labels.
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Similarly as in Theorem 2.4 we can consider the second labeling (6) and obtain a

total of (n − 1)! different nonisomorphic (2n + 3, 2)-vertex antimagic total labelings of

Cn for any n. �

Trying to find the number of all different (2n+3, 2)-vertex antimagic total labelings

of Cn is even more difficult than the problem of finding all (3n+ 2, 1)-vertex antimagic

total labelings of Cn in Section 2.2, since we can have labelings with different sets of

vertex and edge labels which yield the same type of antimagic labeling. Notice that in

Figure 2.5 we have a different set of vertex labels than in Figure 2.4.
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Figure 2.5: Another (19, 2)-vertex antimagic total labeling of C8.

2.4 On (s, 1)-VAMT and (s, 2)-VAMT labelings of 2-regular graphs

We can extend the ideas from the proofs of Theorems 2.4 and 2.5 to find an (s, 1)-VAMT

labeling for any 2-regular graph.

Theorem 2.6 Let G be a 2-regular graph on n vertices. There exists a (3n + 2, 1)-

VAMT labeling of G where 1, 2, . . . , n are the vertex labels and n + 1, n + 2, . . . , 2n are

the edge labels.

Proof. We denote the vertices of G by v1, v2, . . . , vn. Because G is a 2-regular graph,

G is a collection of cycles. We order the cycles and choose their orientation arbitrarily.

By vj = out(vi) we denote the neighbor of vi on the outgoing edge and by vk = in(vi)

we denote the neighbor of vi on the incoming edge. Every vertex vi has exactly one

“outgoing neighbor” vj = out(vi) and one “incoming neighbor” vk = in(vi), where

j, k ∈ {1, 2, . . . , i− 1, i+ 1, . . . , n} and j 6= k. Consider the labeling

λ(vi) = i

λ(viout(vi)) = 2n+ 1− i
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where i = 1, 2, . . . , n and subscripts are taken modulo n if necessary. We use the notation

v0 and vn interchangeably. By evaluating the weight wλ(vi) for every i = 1, 2, . . . , n we

have

wλ(vi) = λ(vi) + λ(in(vi)vi) + λ(viout(vi))

= i+ λ(vkvi) + 2n+ 1− i

= 4n+ 2− k.

where vk = in(vi). Since every vertex vk for k ∈ {1, 2, . . . , n} is the “incoming vertex”

for some vertex vi the set of weights is {3n + 2, 3n + 3, . . . , 4n + 1} and thus λ is a

(3n+ 2, 1)-vertex antimagic total labeling of G. �

One can show in a similar way that also the labeling

λ(vi) = i

λ(viin(vi)) = 2n+ 1− i

where i = 1, 2, . . . , n, yields a (3n+ 2, 1)-VAMT labelings of G for any n.

We can denote the vertices of G by v1, v2, . . . , vn in any order. For convenience we

consider vn = v0. Counting of different nonisomorphic (3n + 2, 1)-VAMT labelings of

a 2-regular graph G turns into counting the number of isomorphisms of G. Let m be

the number of different lengths of cycles in G. By ns we denote the number of cycles of

length ls in G for s = 1, 2, . . . ,m. We can distribute the vertex labels over the vertices

of G in n! ways. The number of different nonisomorphic (3n+ 2, 1)-VAMT labelings of

G is at least
n!

∏m
s=1 (l

ns
s )

.

We can state a similar result also for VAMT labelings with difference 2.

Theorem 2.7 Let G be a 2-regular graph on n vertices. There exists a (2n + 3, 2)-

VAMT labelings of G where 1, 3, . . . , 2n− 1 are the vertex labels and 2, 4, . . . , 2n are the

edge labels.

Proof. The proof is analogous to the proof of Theorem 2.6. Consider the labeling

λ(vi) = 2i− 1

λ(viout(vi)) = 2n+ 2− 2i

or the labeling

λ(vi) = 2i− 1

λ(viin(vi)) = 2n+ 2− 2i
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where i = 1, 2, . . . , n and subscripts are taken modulo n if necessary. By evaluating the

weight of every vertex vi it follows that λ is a (2n+3, 2)-vertex antimagic total labeling

of G. �

Example 2.8 Let G = C6+C7 be a graph which consists of two disjoint cycles C6 and

C7. We can construct a (41, 1)-VAMT labeling of G using Theorem 2.6, see Figure 2.6.
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Figure 2.6: A (41, 1)-vertex antimagic total labeling of C6 + C7.

Another example of an (s, 1)-vertex antimagic total labeling is given in Example 8.22.

2.5 Remarks

Theorem 2.4 and Theorem 2.5 give a new angle of view on VAMT labelings of cycles.

Now we know not only that there are “many” different (s, d)-vertex antimagic total

labelings of cycles, but also that the number of different labelings grows at least with

the factorial of n.

Another importance of the constructions given in the proofs of the two theorems

is that they are used in constructions of other types of magic labelings. Generalized

vertex antimagic total labelings are often used as building blocks for vertex magic total

labelings. In larger graphs the weights of vertices can be viewed as vertex labels. The

result from Theorem 2.4 can be rephrased as:

Given any labeling of vertices of a cycle Cn using a set of consecutive integers,

one can complete the labeling by labeling edges using also consecutive inte-

gers in such manner that we obtain an (s, d)-vertex antimagic total labeling

of Cn.

According to Theorems 2.6 and 2.7 similar claim is true for any 2-regular graph.



3 Generalized magic-type labelings

The concept of generalized vertex magic total labeling and generalized (s, d)-vertex an-

timagic total labeling was introduced in [MsP]. A magic-type labeling of a small graph

G can be used to find a magic labeling of the same or of a different magic-type of a

larger graph. There are two basic approaches.

Based on a certain labeling of G one can obtain a labeling of a graph which consists

of copies of G. This approach is described in Section 4.2 and Chapter 6. Obviously in

each copy different labels have to be used and none of the copies can be labeled using

just the original labels.

Another approach how to obtain magic-type labelings is to decompose the graph G

into certain factors and based on a magic-type labeling for each of the factors one can

find a magic labeling of G. This method is described in Chapter 4 and Chapter 7.

In either case we need to extend the notion of a vertex magic total labeling. Instead

of taking a bijection from the set V ∪ E to the set of integers {1, 2, . . . , v + e}, we take

an injection to the set of all (usually positive) integers.

3.1 Definitions

Definition 3.1 Let G(V,E) be a graph with vertex set V and edge set E. An injection

λ : V ∪ E → Z is called a generalized vertex magic total labeling (GVMT) of G if

wλ(x) = λ(x) +
∑

y∈N(x)

λ(xy) = k ∀x ∈ V.

The constant k is the magic constant for λ.

D. McQuillan introduced in [McQ] another generalization of vertex magic total la-

belings, called the magic numbering, in which he relaxed the injective property. Let n

be an integer. A magic numbering λ is any mapping, not just a bijection, from the set

of vertices and edges to the set {1, 2, . . . , n} with all vertex weights equal to a constant

k. As in the case of generalized vertex magic labelings, magic numberings are used as a

tool for constructing vertex magic total labelings of regular graphs.

Similarly we define a generalized supermagic labeling and generalized vertex an-

timagic total labeling.

Definition 3.2 Let G(V,E) be a graph with vertex set V and edge set E. An injection

λ : E → Z is called a generalized supermagic labeling (GSPM) of G if

wλ(x) =
∑

y∈N(x)

λ(xy) = h ∀x ∈ V.

The constant h is the magic constant for λ.

20
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Definition 3.3 Let G(V,E) be a graph with vertex set V and edge set E. An injection

λ : V ∪ E → Z is called a generalized (s, d)-vertex antimagic total labeling (GVAMT)

of G if the sums

wλ(x) = λ(x) +
∑

y∈N(x)

λ(xy) ∀x ∈ V

form an arithmetic progression s, s+ d, . . . , s+ (v − 1)d for some integers s and d.

The generalized vertex magic total labelings of cycles were studied in [MsP], see

Table 2.1.

3.2 Basic transformations

According to the definition VMT and VAMT labelings are special cases of GVMT and

GVAMT labelings. It is not difficult to obtain various different generalized vertex magic

total labelings from a given VMT or a GVMT labeling.

Theorem 3.4 Let G(V,E) be an r-regular graph and let λ be a generalized (s, d)-vertex

antimagic total labeling of G. Let λ′ be a labeling of G defined by

λ′(x) = aλ(x) + b for x ∈ V (7)

λ′(xy) = aλ(xy) + c for xy ∈ E

where a, b, and c are any integers such that λ′ is injective. Then λ′ is a generalized

(b+ cr + as, ad)-vertex antimagic total labeling of G.

Proof. Evaluating the weight we get

wλ′(x) = λ′(x) +
∑

y∈N(x)

λ′(xy)

= aλ(x) + b+
∑

y∈N(x)

(aλ(xy) + c)

= b+ cr + a



λ(x) +
∑

y∈N(x)

λ(xy)





= b+ cr + awλ(x).

Since the weights wλ(x) form an arithmetic progression s, s + d, . . . , s + (v − 1)d, the

weights wλ′(x) form an arithmetic progression b+ cr+ as, b+ cr+ as+ ad, . . . , b+ cr+

as+ (v − 1)ad. �

Taking d = 0 in Theorem 3.4 we obtain the following corollary.

Corollary 3.5 Let G(V,E) be an r-regular graph and let λ be a generalized vertex

magic total labeling of G with the magic constant k. Let λ′ be a labeling of G defined by

λ′(x) = aλ(x) + b for x ∈ V

λ′(xy) = aλ(xy) + c for xy ∈ E
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where a, b, and c are any integers such that λ′ is injective. Then λ′ is a generalized

vertex magic total labeling of G with the magic constant k′ = b+ cr + ak.

Notice that from the proof of Theorem 3.4 it is apparent that the corollary is true

only for regular graphs, otherwise the weight wλ′(x) is a function of the degree of x.

A similar proposition is true for supermagic labelings.

Theorem 3.6 Let G(V,E) be an r-regular graph and let λ be a generalized supermagic

labeling of G with the magic constant h. Let λ′ be a labeling of G defined by

λ′(xy) = aλ(xy) + b for xy ∈ E

where a and b are any integers such that λ′ is injective. Then λ′ is a generalized super-

magic labeling of G with the magic constant h′ = br + ah.

Proof. Similar to the proof of Theorem 3.4. �

In this thesis we extend those magic-type labelings, which are used in constructions

in later chapters. One can generalize also other magic-type labelings.

Not all generalized magic-type labelings are obtained from magic-type labeling using

the process from Theorem 3.4, Corollary 3.5, or Theorem 3.6. We compare the VMT

labeling in Figure 1.4 and the GVMT in Figure 3.1. Suppose the GVMT labeling in

Figure 3.1 is obtained from a VMT labeling using Corollary 3.4, then a = 1 since the

edge labels are consecutive integers. Moreover b = 0, since the label 1 is assigned to the

edge v1v2. Finally, there is no choice left for c.

Æ

v1

v4 v3

v2
10

8 7

13

3

5

2

1

6 4

Figure 3.1: A GVMT of K4 with the magic constant k = 20.

3.3 Advanced transformations

The use of the theorems from the previous section is limited. The constructions of VMT

labelings shown in Chapter 4 and Chapter 6 are more complex. They are not modifying

a given VMT labeling of G for the entire graph but of factors of G separately. Hence

the following theorem.
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Theorem 3.7 Let G(V,E) be a graph and let λ be a generalized (s, d)-vertex antimagic

total labeling of G. Let H(V, F ) be an r-regular factor of G. Let λ′ be a labeling of G

defined by

λ′(x) = aλ(x) + b for x ∈ V

λ′(xy) =

{
aλ(xy) for xy ∈ E \ F

aλ(xy) + c for xy ∈ F
(8)

where a, b, and c are any integers such that λ′ is injective. Then λ′ is a generalized

(b+ cr + as, ad)-vertex antimagic total labeling of G.

Proof. Evaluating the weight we get

wλ′(x) = λ′(x) +
∑

y∈N(x)∩F

λ′(xy) +
∑

y∈N(x)∩E\F

λ′(xy)

= aλ(x) + b+
∑

y∈N(x)∩F

(aλ(xy) + c) +
∑

y∈N(x)∩E\F

aλ(xy)

= b+ cr + a



λ(x) +
∑

y∈N(x)

λ(xy)





= b+ cr + awλ(x).

Since the weights wλ(x) form an arithmetic progression s, s + d, . . . , s + (v − 1)d, the

weights wλ′(x) form an arithmetic progression b+ cr+ as, b+ cr+ as+ ad, . . . , b+ cr+

as+ (v − 1)ad. �

By setting d = 0 we obtain the following.

Corollary 3.8 Let G(V,E) be a graph and let λ be a generalized vertex magic total

labeling of G with the magic constant k. Let H(V, F ) be an r-regular factor of G. Let λ′

be a labeling of G defined by

λ′(x) = aλ(x) + b for x ∈ V

λ′(xy) =

{
aλ(xy) for xy ∈ E \ F

aλ(xy) + c for xy ∈ F
(9)

where a, b, and c are any integers such that λ′ is injective. Then λ′ is a generalized

vertex magic total labeling of G with the magic constant k′ = ak + cr + b.

Again an analogous result for supermagic labelings follows.

Theorem 3.9 Let G(V,E) be a graph and let λ be an generalized supermagic labeling

of G with the magic constant h. Let H(V, F ) be an r-regular factor of G. Let λ′ be a

labeling of G defined by

λ′(xy) =

{
aλ(xy) for xy ∈ E \ F

aλ(xy) + b for xy ∈ F
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where a and b are any integers such that λ′ is injective. Then λ′ is a generalized super-

magic labeling of G with the magic constant h′ = br + ah.

Proof. Analogous to the proof of Theorem 3.7. �

If a graph has a factorization into regular factors, then by repeating the construction

from Theorem 3.7 we obtain the following.

Theorem 3.10 Let G(V,E) be a graph and let λ be a generalized (s, d)-vertex antimagic

total labeling of G. Let H1(V, F1) be an r1-regular factor of G, H2(V, F2) be an r2-regular

factor of G, . . . , Hn(V, Fn) be an rn-regular factor of G, where the factors H1, . . . , Hn

are edge-disjoint. Let λ′ be a labeling of G defined by

λ′(x) = aλ(x) + b for x ∈ V

λ′(xy) =







aλ(xy) + c1 for xy ∈ F1

aλ(xy) + c2 for xy ∈ F2
...

aλ(xy) + cn for xy ∈ Fn

aλ(xy) otherwise

(10)

where a, b, and c1, c2, . . . , cn are any integers such that λ′ is injective. Then λ′ is a

generalized (b+
∑n

i=1 rici + as, ad)-vertex antimagic total labeling of G.

Proof. By induction on the factors H1, H2, . . . , Hn.

Let v = |V |. We take the generalized VMT labeling λ of G and the r1-regular factor

H1 and construct a labeling λ1. According to the proof of Theorem 3.7 (the parameters

a and b have the same value in both theorems, c = c1 and r = r1) we see that the

weights of vertices in λ1 constitute an arithmetic progression b + r1c1 + as, b + r1c1 +

as+ad, . . . , b+ r1c1+as+(v−1)ad. Notice that it may happen that λ1 is not injective.

For the inductive step (i = 2, 3, . . . , n) we take the ri-regular factor Hi and

the labeling λi−1 in which the vertex weights constitute an arithmetic progression

b +
∑i−1

t=1 ciri + as, b +
∑i−1

t=1 ciri + as + ad, . . . , b +
∑i−1

t=1 ciri + as + (v − 1)ad. In

the proof of Theorem 3.7 we take a = 1, b = 0, and c = ci and we obtain

the labeling λi in which the weights of vertices constitute an arithmetic progression

b+
∑i

t=1 ciri + as, b+
∑i

t=1 ciri + as+ ad, . . . , b+
∑i

t=1 ciri + as+ (v − 1)ad.

We have λ′ = λn. λi is not necessarily injective but since the constants a, b, and c1,

c2, . . . , cn are chosen so that λ′ is injective, we have a generalized (b+
∑n

i=1 rici+as, ad)-

vertex antimagic total labeling of G. �

Again the case of generalized VMT labelings is a special case for d = 0.

Corollary 3.11 Let G(V,E) be a graph and let λ be a generalized vertex magic total

labeling of G with the magic constant k. Let H1(V, F1) be an r1-regular factor of G,
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H2(V, F2) be an r2-regular factor of G, . . . , Hn(V, Fn) be an rn-regular factor of G,

where the factors H1, . . . , Hn are edge-disjoint. Let λ′ be a labeling of G defined by

λ′(x) = aλ(x) + b for x ∈ V

λ′(xy) =







aλ(xy) + c1 for xy ∈ F1

aλ(xy) + c2 for xy ∈ F2
...

aλ(xy) + cn for xy ∈ Fn

aλ(xy) otherwise

(11)

where a, b, and c1, c2, . . . , cn are any integers such that λ′ is injective. Then λ′ is a

generalized vertex magic total labeling of G with the magic constant k′ = ak+
∑n

i=1 rici+

b.

We can apply Theorem 3.10 and Corollary 3.11 also in subgraphs of a given graph.

A similar result can be obtained for supermagic labelings and for other magic-type

labelings.

Theorem 3.12 Let G(V,E) be a graph and let λ be a generalized supermagic labeling

of G with the magic constant h. Let H1(V, F1) be an r1-regular factor of G, H2(V, F2) be

an r2-regular factor of G, . . . , Hn(V, Fn) be an rn-regular factor of G, where the factors

H1, . . . , Hn are edge-disjoint. Let λ′ be a labeling of G defined by

λ′(xy) =







aλ(xy) + b1 for xy ∈ F1

aλ(xy) + b2 for xy ∈ F2
...

aλ(xy) + bn for xy ∈ Fn

aλ(xy) otherwise

(12)

where a and b1, b2, . . . , bn are any integers such that λ′ is injective. Then λ′ is a

generalized supermagic labeling of G with the magic constant h′ = ah+
∑n

i=1 ribi.

Proof. Analogous to the proof of Theorem 3.10. �

s

v1

v4 v3

v2

2-regular H1

t

v1

v4 v3

v2

1-regular H2

r

v1

v4 v3

v2
9

19 15

21

18

6

14

8

13 5

GVMT of K4

Figure 3.2: A 2-regular factor H1, a 1-regular factor H2 and a generalized vertex

magic total labeling of K4 with the magic constant k = 48.
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Example 3.13 We take the VMT labeling of K4 from Figure 1.4 with the magic

constant k = 20. We take the factors H1 and H2 shown in Figure 3.2. Taking a = 2,

b = 1, c1 = 2, and c2 = 3 in Corollary 3.11 we obtain a GVMT of K4 with the magic

constant k′ = 2 · 20 + (2 · 2 + 1 · 3) + 1 = 48, see Figure 3.2.

3.4 Remarks

Corollary 3.11 is used to show magic properties of certain labelings of regular graphs in

Chapters 4, 6, and 7. Theorem 3.12 is used to construct VMT and SPM labelings of

regular graphs in Section 6.2.

Notice that graphs which are not regular but have a magic-type labeling and some

regular factors satisfy the conditions of the theorems above, see Figure 3.3. In Corol-

lary 3.8 we picked a = 2, b = 1, c = 4 and the only 1-factor of P4 with edges v1v2 and

v3v4. From a VMT labeling of P4 with magic constant k = 9 we obtained a GVMT

labeling with magic constant k = 23.

"

v1 v2 v3 v4

4 3 6 7
5 1 2

VMT of P4

"

v1 v2 v3 v4

9 7 13 15
14 2 8

GVMT of P4

Figure 3.3: VMT of P4 with the magic constant k = 9 and GVMT of P4 with the

magic constant k = 23.



4 Cartesian products of graphs

4.1 Definition of the Cartesian product of graphs

The Cartesian product of graphs is one of the most common operations on graphs.

Definition 4.1 Let G and H be graphs with the vertex sets V (G) = U and V (H) = V .

The Cartesian product of graphs G and H is the graph G � H with the vertex set

V (G � H) = U × V . Two vertices (u, v) and (u′, v′) are adjacent in G � H if u = u′

and vv′ ∈ E(H) or if v = v′ and uu′ ∈ E(G).

The Cartesian product is called sometimes also the square product. The following

example shows why.

Example 4.2 The product of P2 and P3 is the graph P2 � P3 shown in Figure 4.1.

e

u1

u2

P2

v1 v2 v3

P3

(u1, v1) (u1, v2) (u1, v3)

(u2, v1) (u2, v2) (u2, v3)

P2 � P3

Figure 4.1: Cartesian product P2 � P3.

In general the product of two paths is a “grid,” the product of a cycle and a path is

a prism and the product of two cycles is a “torus.” Notice, that we can decompose the

product G � H into two factors: one factor consisting of |H| copies of G, the second

factor consisting of |G| copies of H.

It was shown in [SlM] that P2 � Cn has a VMT labeling. It was shown in [MsP] that

C2m+1 � C2n+1 has a VMT labeling. This result was extended in [MsT] by finding a

VMT labeling for Cm � C2n. In [MsP] were given VMT labelings also for K5 � Cn and

for K5 � C2n (with a different magic constant). In the following sections VMT labelings

of products of certain regular graphs are given.

We also deal with vertex magic total labelings of Cartesian products of graphs in

Chapter 7.

27
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4.2 Copies of VMT graphs

By nG we denote the graph which consists of n copies of G. For a graph G(V,E) for

every x ∈ V we denote

NE(x) = {f ∈ E | f is incident with x} .

Lemma 4.3 Let n, r be positive integers. Let G be a (2r+1)-regular VMT graph which

can be factorized into two factors: an (r+1)-regular factor and an r-regular factor. Then

the graph nG is also a VMT graph.

Proof. Let G(V,E) be a (2r + 1)-regular VMT graph with vertices x1, x2, . . . , xv and

edges f1, f2, . . . , fe where v = |V | and e = |E|. We denote the (r + 1)-regular factor

by H1 and the r-regular factor by H2. Let λ be a VMT labeling of G with the magic

constant kλ.

Since λ is a VMT labeling of G is ∀x ∈ V

λ(x) +
∑

y∈N(x)

λ(xy) = kλ.

We construct n copies Gi of the graph G for i = 1, 2, . . . , n. In Gi we denote the copies

of vertices by xi,1, xi,2, . . . , xi,v and edges by fi,1, fi,2, . . . , fi,e and

Ei = {fi,1, fi,2, . . . , fi,e}.

Consider the following labeling λ′ of nG

λ′(xi,j) = n(λ(xj)− 1) + i for xi,j ∈ V (nG)

λ′(fi,k) =

{
n(λ(ek)− 1) + (n+ 1)− i if ek ∈ H1

n(λ(ek)− 1) + i if ek ∈ H2
(13)

where i = 1, 2, . . . n, j = 1, 2, . . . , v, and k = 1, 2, . . . , e.

First we show that λ′ is a bijection. Let x be an element (a vertex or an edge) in

G and let a be the label of x assigned by the labeling λ. According to the definition of

λ′, we label all the n elements in nG corresponding to the element x with distinct labels

from the “a-th” n-tuple: na− n+ 1, na− n+ 2, . . . , na. Since in λ we used all distinct

labels 1, 2, . . . , v+e, in λ′ we used all labels 1, 2, . . . , n(v+e), each of them exactly once.

We use Corollary 3.11 to show that λ′ is a vertex magic total labeling of nG with

the magic constant nkλ + (1− n)(r + 1) in every copy of G. We take a = n, b = i− n,

r1 = r+1, c1 = 1− i (the (r+1)-regular factor H1), r2 = r, and c2 = i−n (the r-regular

factor H2) and we get

k′ = nkλ + (r + 1)(1− i) + r(i− n)− n+ i

= nkλ + (r + 1)(1− n).
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Thus, the labeling given by (13) is a vertex magic total labeling of nG with the magic

constant k′ = nkλ + (1− n)(r + 1). �

Note 4.4 There is a similar result due to Wallis (see Lemma 6.1) published in [Wal2].

The result by Wallis is more general because it puts no restriction on the existence of the

factors H1 and H2 and less restriction on the degree r of G. We mention Lemma 4.3 not

only because the construction from the proof yields a different magic constant, but also

it helps to understand the construction in Theorem 4.6. A generalization of Lemma 4.3

is in Proof 2 of Lemma 6.1.

Example 4.5 We take the VMT labeling of K4 with the magic constant k = 20 from

Figure 1.4 in Section 1.2. K4 is 3-regular and can be decomposed into a 2-regular factor

H1 (cycle x1x2x3x4) and a 1-regular factor H2 (two paths x1x3 and x2x4); see Figure 4.2.

r

x1

x4 x3

x2
4

9 7

10

8

2

6

3

5 1

K4

s

x1

x4 x3

x2

H1

t

x1

x4 x3

x2

H2

Figure 4.2: Vertex magic total labeling of K4 with the magic constant k = 20,

a 2-regular factor H1 and a 1-regular factor H2.

Using the construction from Lemma 4.3 we get a VMT labeling of 4K4. The magic

constant is kλ′ = 4 · 20− 3 · 2 = 74, see Figure 4.3.
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x2,4 x2,3
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r

x3,1

x3,4 x3,3
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35 27
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22

10

19 3

G3

r

x4,1

x4,4 x4,3

x4,2

16

36 28

40

29

5

21

9

20 4

G4

Figure 4.3: Vertex magic total labeling of 4K4 with the magic constant k = 74.
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4.3 Products of 2r + 1-regular graphs and even cycles

Theorem 4.6 Let n, r be positive integers, let n ≥ 3 be even. Let G be a (2r + 1)-

regular VMT graph which can be factorized into two factors: an (r + 1)-regular factor

and an r-regular factor. Then there exists a vertex magic total labeling of G � Cn.

Proof. We can decompose the product G � Cn into two factors: one factor H1

consisting of n copies of G, the second factor H2 consisting of |G| copies of Cn. We use

the same notation as in Lemma 4.3. We denote the edges of copies Cn by xi,jxi+1,j for

i = 1, 2, . . . , n and j = 1, 2, . . . , v where subscript i is taken modulo n if necessary. For

convenience we consider xn,j = x0,j .

Consider the following labeling λ′ of G � Cn

λ′(xi,j) =

{
n(λ(xj)− 1) + i if i = 1

n(λ(xj)− 1) + (n+ 2)− i if i = 2, 3, . . . , n

λ′(fi,k) =

{
n(λ(ek)− 1) + (n+ 1)− i if ek ∈ H1

n(λ(ek)− 1) + i if ek ∈ H2
(14)

λ′(xi,jxi+1,j) =

{
n(v + e) + n(j − 1) + i if i is odd

n(v + e) + n(v − j) + i if i is even

where i = 1, 2, . . . n, j = 1, 2, . . . , v, and k = 1, 2, . . . , e. We show that λ′ is a vertex

magic total labeling of nG with the magic constant kλ′ = n(kλ+3v+2e− r− 1)+ r+2.

We use the fact that the sums of labels of just edges of G differ from one copy to the

other by 1. The vertices and the edges of Cn are labeled using generalized (s, 1)-vertex

antimagic total labeling. Altogether we obtain a vertex magic total labeling of G � Cn,

see Figure 4.4.

d

E(H1)

E(H2)

V (G)

E(Cn)

Figure 4.4: Distribution of labels in G � Cn.
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The weight of every vertex xi,j for 1 < i ≤ n odd is

wλ′(xi,j) = λ(xi,j) +
∑

f∈NEi
(xi,j)

λ(f)

= λ(xi,j) +
∑

f∈NEi
(xi,j)∩E(H1)

λ(f) +
∑

f∈NEi
(xi,j)∩E(H2)

λ(f) + λ(xi−1,jxi,j) + λ(xi,jxi+1,j)

= n



λ(xj) +
∑

f∈NEi
(xi,j)∩E(H1)

λ(f) +
∑

f∈NEi
(vi,j)∩E(H2)

λ(f)



+ 2− i+

(r + 1)(1− i) + r(i− n) + 2n(v + e) + n(v − j) + (i− 1) + n(j − 1) + i

= n(kλ + 3v + 2e− r − 1) + r + 2.

Similarly, for 1 ≤ i ≤ n even we get

wλ′(xi,j) = λ(xi,j) +
∑

f∈NEi
(xi,j)∩E(H1)

λ(f) +
∑

f∈NEi
(xi,j)∩E(H2)

λ(f) + λ(xi−1,jxi,j) + λ(xi,jxi+1,j)

= n



λ(xj) +
∑

f∈NEi
(xi,j)∩E(H1)

λ(ek) +
∑

f∈NEi
(xi,j)∩E(H2)

λ(ek)



+ 2− i+

(r + 1)(1− i) + r(i− n) + 2n(v + e) + n(j − 1) + (i− 1) + n(v − j) + i

= n(kλ + 3v + 2e− r − 1) + r + 2.

Finally, if i = 1, we get

wλ′(xi,j) = λ(x1,j) +
∑

f∈NE1
(x1,j)∩E(H1)

λ(f) +
∑

f∈NE1
(x1,j)∩E(H2)

λ(f) + λ(xn,jx1,j) + λ(x1,jx2,j)

= n



λ(xj) +
∑

f∈NE1
(x1,j)∩E(H1)

λ(ek) +
∑

f∈NE1
(x1,j)∩E(H2)

λ(ek)



+

1− n+ r(1− n) + 2n(v + e) + n(v − j) + n+ n(j − 1) + 1

= n(kλ + 3v + 2e− r − 1) + r + 2.

It is easy to observe that λ′ is a bijection to {1, 2, . . . , n(2v + e)}. The first n(v + e)

labels are used to label vertices and edges of the factor consisting of n copies of G, the

next nv labels are used to label the edges of the factor consisting of v even cycles.

Thus the labeling given by (14) is a vertex magic total labeling of G � Cn for n even

with the magic constant n(kλ + 3v + 2e− r − 1) + r + 2. �

Notice that the labels of vertices have changed in comparison to Lemma 4.3. We

could have used Corollary 3.11 but the magic constant differs in the factor consisting of

n copies of G from one copy of G to the other. Then we would take into count the labels

of edges of the factor consisting of copies of Cn. It was easier to evaluate the weight of

every vertex.
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Figure 4.5: Vertex magic total labeling of K4 � C4 with the magic constant k = 171.

Example 4.7 We can find a VMT labeling of K4 � C4 using the construction from

the proof of Theorem 4.6, see Figure 4.5. We use the VMT labeling and the factors H1

and H2 from Figure 4.2.

Evaluating the magic constant for n = 4, v = 4, e = 6, r = 1, and kλ = 20 we get

k = 4(20 + 3 · 4 + 2 · 6− 1− 1) + 1 + 2 = 171. In Figure 4.5 are the partial sums in the

copies of K4 and of C4 given in boldface. The partial sums on corresponding vertices

have to be added together to obtain the magic constant k = 171.
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4.4 Products of 2r + 1-regular graphs and K5

In this section we will take some (2r + 1)-regular VMT graph G, namely such a graph

that can be decomposed into an (r+1)-regular and an r-regular factor and give a VMT

labeling for the product G � K5.

Theorem 4.8 Let r be a positive integer. Let G be a (2r+1)-regular VMT graph which

can be factorized into two factors: an (r+1)-regular factor and an r-regular factor. Then

there exists a vertex magic total labeling of G � K5.

Proof. The proof is very similar to the proof of Theorem 4.6. We use the same notation.

We can decompose the product G � K5 into two factors: one factor H1 consisting of five

copies of G, the second H2 factor consisting of |G| copies of K5. The edges of the copies

K5 we denote by xi,jxk,j for i, k = 1, 2, . . . , 5, i 6= k, and j = 1, 2, . . . , v where subscripts

i and k are taken modulo 5 if necessary. For convenience we consider x5,j = x0,j .

Consider the labeling

λ(xi,j) = 5(λ(xj)− 1) + 6− i

λ(fi,k) =

{
5(λ(fk)− 1) + 6− i if fk ∈ E(H1)

5(λ(fk)− 1) + i if fk ∈ E(H2)

λ(x1,jx2,j) = 5(v + e) + 10(v − j) + 4

λ(x2,jx3,j) = 5(v + e) + 10(v − j) + 2

λ(x3,jx4,j) = 5(v + e) + 10(v − j) + 10

λ(x4,jx5,j) = 5(v + e) + 10(v − j) + 8 (15)

λ(x5,jx1,j) = 5(v + e) + 10(v − j) + 6

λ(x1,jx3,j) = 5(v + e) + 10(j − 1) + 7

λ(x3,jx5,j) = 5(v + e) + 10(j − 1) + 3

λ(x5,jx2,j) = 5(v + e) + 10(j − 1) + 9

λ(x2,jx4,j) = 5(v + e) + 10(j − 1) + 5

λ(x4,jx1,j) = 5(v + e) + 10(j − 1) + 1

where i = 1, 2, . . . , 5 and j = 1, 2, . . . , v. It is easy to see that the sum of labels of edges

not contained in the factors H1 and H2 is

5∑

k=1
k 6=i

λ(xi,jxk,j) = 20(e+ v) + 20(v − 1) + 16 + 2i. (16)

The first 5(v + e) labels are used to label vertices and edges of the factor consisting

of five copies of G, the next 10v labels are used to label the edges of the factor consisting

of v copies of K5 (even labels on the edges of the v cycles x1,jx2,jx3,jx4,jx5,j and odd
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labels on the remaining edges of the cycles x1,jx3,jx5,jx2,jx4,j). Every label in λ is used

exactly once and the injective property of λ is easy to observe. Thus λ is a bijection to

{1, 2, . . . , 5(3v + e)}.

To show that λ is a VMT labeling of nG we use Corollary 3.11 for each copy of G.

We take a = 5, b = 1 − i. For the two factors H1 and H2 of G we take r1 = r + 1,

c1 = 1− i, r2 = r, and c2 = i− 5. Thus for the i-th copy Gi of the graph G we get

λ(xi,j) +
∑

f∈NE(H1)∪E(H2)
(xi,j)

λ(f) = 5kλ +
2∑

l=1

rlcl + 1− i

= 5kλ + (r + 1)(1− i) + r(i− 5) + 1− i

= 5kλ − 4r + 2− 2i.

Adding also the sum of labels of edges incident with xi,j which are not in E(H1) ∪

E(H2) (given by (16)), we get

wλ′(xi,j) = 5(kλ + 8v + 4e)− 4r − 2.

We see that the labeling given by (15) is a vertex magic total labeling of G � K5

with the magic constant 5(kλ + 8v + 4e)− 4r − 2. �

Example 4.9 Using Theorem 4.8 we find a VMT labeling of K4 � K5. We use the

VMT labeling and the factors H1 and H2 from Figure 4.2.

Evaluating the magic constant for n = 4, v = 4, e = 6, r = 1, and kλ = 20 we get

k = 5(20 + 8 · 4 + 4 · 6) − 4 · 1 − 2 = 374. The partial sums on corresponding vertices

have to be added together to obtain the magic constant 374, see Figure 4.6.
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Figure 4.6: Vertex magic total labeling of K4 � K5 with the magic constant k = 374.
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The labeling given in the proof of the following theorem is very similar to the labeling

given in proof of Theorem 4.8. Yet, it allows to find VMT labelings for different classes

of graphs. One such graph is described in Example 4.11.

Theorem 4.10 Let r be a positive integer. Let G be a (2r + 1)-regular VMT graph

which can be factorized into two factors: an (r+2)-regular factor and an (r− 1)-regular

factor. Then there exists a vertex magic total labeling of G � K5.

Proof. The proof is very similar to the proof of Theorem 4.8. We denote the (r + 2)-

regular factor by H1 and the (r−1)-regular factor by H2. We can use the same notation

and the same technique to show that the labeling (17) is a VMT labeling of G � K5

with the magic constant 5(kλ + 8v + 4e)− 4r − 2.

λ(xi,j) = 5(λ(xj)− 1) + i

λ(fi,k) =

{
5(λ(fk)− 1) + 6− i if fk ∈ E(H1)

5(λ(fk)− 1) + i if fk ∈ E(H2)

λ(x1,jx2,j) = 5(v + e) + 10(v − j) + 4

λ(x2,jx3,j) = 5(v + e) + 10(v − j) + 2

λ(x3,jx4,j) = 5(v + e) + 10(v − j) + 10

λ(x4,jx5,j) = 5(v + e) + 10(v − j) + 8 (17)

λ(x5,jx1,j) = 5(v + e) + 10(v − j) + 6

λ(x1,jx3,j) = 5(v + e) + 10(j − 1) + 7

λ(x3,jx5,j) = 5(v + e) + 10(j − 1) + 3

λ(x5,jx2,j) = 5(v + e) + 10(j − 1) + 9

λ(x2,jx4,j) = 5(v + e) + 10(j − 1) + 5

λ(x4,jx1,j) = 5(v + e) + 10(j − 1) + 1

where i = 1, 2, . . . , 5 and j = 1, 2, . . . , v. �

Notice that the magic constant of the labeling (17) is equal to the magic constant of

the labeling (15), since the sets of vertex labels and edge labels are same.

Example 4.11 To see the difference between Theorem 4.8 and Theorem 4.10 notice

that we can give a VMT labeling of G � K5 where G is the 3-regular graph shown

in Figure 4.7. G satisfies the conditions of Theorem 4.10 but not the conditions of

Theorem 4.8, since G has no 1-regular factor and no 2-regular factor. The VMT labeling

of G was found using a computer.
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Figure 4.7: Vertex magic total labeling with the magic constant k = 70 of a

3-regular graph without a 1-factorization.

4.5 Products of certain even-regular VMT graphs

Under certain restriction we take two VMT graphs and find a VMT labeling of their

product.

Theorem 4.12 Let r, q be positive integers. Let G be a 2r-regular VMT graph which

can be factorized into two r-regular factors. Let H be a 2q-regular VMT graph which can

be factorized into two q-regular factors, where moreover the vertex labels are consecutive

integers. Then there exists a vertex magic total labeling of G � H.

Proof. We denote the vertices of G(U,E) by u1, u2, . . . , um where m = |U |, the two

r-regular factors by G1 and G2 and the VMT labeling of G by λG. We also denote

the vertices of H(V, F ) by v1, v2, . . . , vn where n = |V |, the two q-regular factors by H1

and H2 and the VMT labeling of H by λH . We denote the magic constant of λG by
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kG and the magic constant of λH by kH . We suppose the vertices are ordered so that

λH(vi+1) = λH(vi) + 1 for 1 < i ≤ n.

We denote the vertices of G � H by xi,j , where xi,j = (uj , vi), uj ∈ U , vi ∈ V ,

1 ≤ j ≤ m, and 1 ≤ i ≤ n.

Consider the labeling λ given by

λ(xi,j) = n(λG(uj)− 1) + i

λ(xi,jxi,k) =

{
n(λG(ujuk)− 1) + (n+ 1)− j if ujuk ∈ E(G1)

n(λG(ujuk)− 1) + j if ujuk ∈ E(G2)
(18)

λ(xi,jxl,j) =

{
n(m+ |E|) + |F |(j − 1) + λH(vivl) if vivl ∈ E(H1)

n(m+ |E|) + |F |(m− j) + λH(vivl) if vivl ∈ E(H2)

where i, l = 1, 2, . . . , n and j, k = 1, 2, . . . ,m.

We evaluate the weight wλ(xi,j) for every i = 1, 2, . . . , n and j = 1, 2, . . . ,m.

wλ(xi,j) = λ(xi,j) +
∑

f∈NE(xi,j)∩E(G1)

λ(f) +
∑

f∈NE(xi,j)∩E(G2)

λ(f) +
∑

f∈NF (xi,j)∩E(H1)

λ(f) +
∑

f∈NF (xi,j)∩E(H2)

λ(f)

= n



λG(uj) +
∑

f∈NE(xi,j)

λG(ujuk)



− n− 2rn+ i+ r(n+ 1) +

2qn(m+ |E|) + q|F |(m− 1) +
∑

f∈NF (xi,j)

λH(vivl).

Since the vertex labels in λH are consecutive integers, we can take an integer c so

that λH(vi) = (c− 1) + i for 1 ≤ i ≤ n. Using i = λH(vi)− c+ 1 we get

wλ(xi,j) = nkG − n− rn+ λH(vi)− c+ 1 + r +

2qn(m+ |E|) + q|F |(m− 1) +
∑

f∈NF (xi,j)

λH(vivl)

= n (kG − r − 1) + 2qn(m+ |E|) + q|F |(m− 1) + kH + r − c+ 1.

Again λ is a bijection. The first n(m+ |E|) labels are used to label copies of G, the next

m|F | labels are used to label edges of copies of H.

Thus the labeling given by (18) is a vertex magic total labeling of G � H with the

magic constant n (kG − r − 1) + 2qn(m+ |E|) + q|F |(m− 1) + kH + r − c+ 1, where c

is the lowest vertex label. �

We could have used Corollary 3.11 to evaluate the sums of labels in the factor con-

sisting of copies of G. Taking a = n, b = i− n, r1 = r2 = r, c1 = 1− j, and c2 = j − n

we evaluate the partial sum of vertices in the i-th copy of G and we get

nkG + r(1− n) + i− n for i = 1, 2, . . . , n.

On the other hand evaluating the partial sums in the factor consisting of copies of H

is somewhat cumbersome, since we are not using the vertex labels of λH . Thus, in the

proof we evaluated the weight of every vertex.



4 CARTESIAN PRODUCTS OF GRAPHS 39

Example 4.13 Using the construction from the proof of Theorem 4.12 we can find a

VMT labeling of C4 � K5. Since the product has twenty vertices of degree six, we give

rather the two factors: five copies of C4 and four copies of K5. From the names of the

vertices it is apparent which pairs of vertices correspond to each other, see Figure 4.8

and Figure 4.9.

Evaluating the magic constant for m = 4, |E| = 4, n = 5, |F | = 10, r = 1, q = 2,

kG = 13, kH = 35, and c = 11 we get k = 5(13− 1− 1) + 2 · 2 · 5(4 + 4) + 2 · 10(4− 1) +

35 + 1− 11 + 1 = 301. In Figure 4.8 the edges of the factor G1 in C4 and of the factor

H1 in K5 are drawn in “thick”. In Figure 4.9 the partial sums in the copies of C4 and

of K5 are again given in boldface. Adding together the partial sums on corresponding

vertices we obtain the magic constant k = 301.

k
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34
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1

K4 with kG = 13.
j

v5

v4 v3
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v1
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8
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9

7 1

24

K5 with kH = 35.

Figure 4.8: Vertex magic total labeling of C4 with kG = 13 and of K5 with kH = 35.

Notice, that the product G � H obtained in Theorem 4.12 is a 2(r+q)-regular VMT

graph, which can be decomposed into two (r + q)-regular factors. The vertex labels of

G � H are consecutive integers if VMT labelings of both G and H had vertices labeled

by consecutive integers. Thus we can construct VMT labelings of repeated products.
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Figure 4.9: Vertex magic total labeling of C4 � K5 with the magic constant k = 301.
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4.6 Products of odd cycles and K5

In the previous sections vertex magic total labelings of Cartesian products of several

classes of regular graphs are given. None of them allows to find a VMT labeling of

products of graphs with odd cycles. We give a vertex magic total labeling for the small

class C2n+1 � K5 in this section.

Theorem 4.14 Let n be an odd positive integers, n ≥ 3. There exists a vertex magic

total labeling of Cn � K5.

Proof. We denote the vertices along the cycle Cn by x1, x2, . . . , xn. We can decompose

the product Cn � K5 into a factor consisting of 5 copies of Cn and a factor consisting

of n copies of K5. We denote the vertices of the copies of Cn by xi,j for i = 1, 2, . . . , n

and j = 1, 2, . . . , 5.

Consider the following labeling

λ(xi,j) = 2n(j − 1) + 2i− 1

λ(xi,jxi+1,j) =

{
2n(5− j) + 1 + i if i is odd

2n(5− j) + (n+ 1) + i if i is even

λ(xi,1xi,2) = 12n− i+ 1

λ(xi,2xi,3) = 19n− i+ 1

λ(xi,3xi,4) = 16n− i+ 1

λ(xi,4xi,5) = 20n− i+ 1 (19)

λ(xi,5xi,1) = 15n− i+ 1

λ(xi,1xi,3) = 14n− i+ 1

λ(xi,3xi,5) = 13n− i+ 1

λ(xi,5xi,2) = 18n− i+ 1

λ(xi,2xi,4) = 11n− i+ 1

λ(xi,4xi,1) = 17n− i+ 1

where i = 1, 2, . . . n and j = 1, 2, . . . , 5. The subscript i is taken modulo n if necessary.

For convenience we consider xn,j = x0,j .

One can check that the sum of edge labels in the i-th K5 at vertex xi,j is

5∑

k=1
k 6=j

λ(xi,jxi,k) = n(56 + 2j) + 4− 4i.

The weight of every vertex xi,j for 1 < i ≤ n odd is

wλ(xi,j) = λ(xi,j) + λ(xi−1,jxi,j) + λ(xi,jxi+1,j) +
5∑

k=1
k 6=j

λ(xi,jxi,k)
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wλ(xi,j) = 8n− 2nj + 2i+ (i− 1) + (n+ 1) + i+ n(56 + 2j) + 4− 4i

= 75n+ 4.

Similarly, for 1 < i ≤ n even is

wλ(xi,j) = 8n− 2nj + 2i+ i+ (n+ 1) + (i− 1) + n(56 + 2j) + 4− 4i

= 75n+ 4.

Finally, for i = 1 we get

wλ(x1,j) = 8n− 2nj + 1 + n+ 1 + 2 + n(56 + 2j) + 4− 4

= 75n+ 4.

To observe that λ is a bijection we notice that the first 10n labels are assigned to the

vertices (odd labels) and edges (even labels) of the factor containing the five copies of

Cn. The next 10n labels are used to label the edges of the factor consisting of n copies

of K5. Thus the labeling given by (19) is a vertex magic total labeling of Cn � K5 for

n odd with the magic constant k = 75n+ 4. �

Example 4.15 An example of a VMT labeling of C5 � K5 is in Figure 4.10. By

evaluating the magic constant we get k = 75 · 5 + 4 = 379. The partial sums in the

copies of C5 and of K5 are given in boldface. Adding the partial sums at corresponding

vertices we obtain the magic constant k = 379.

4.7 Remarks

According to Table 1.1 we see that the products of cycles are known to have a VMT

labeling (see [FKK3]) if at least one of the cycles is odd. Unfortunately none of the

theorems in this chapter allows to find a VMT labeling for C2m � C2n. Theorem 4.12

cannot be of use, because in [MsP] it was shown that an r-regular graph on an even

number of vertices cannot have a VMT labeling in which the vertex labels constitute an

arithmetic progression with an odd difference. The VMT labeling of C2m � C2n remains

an open problem. On the other hand VMT labeling of Cm � C2n+1 is a special case of

Theorem 4.12 because all odd cycles have VMT labelings with consecutive vertex labels,

see e.g. [Wal1].

The results given in Theorem 4.3 and in Theorem 4.4 were presented on Conference

MIGHTY XXXVII ([Kov1]) and the result from Theorem 4.14 on Conference MIGHTY

XXXVI ([FKK1]).

Further constructions of VMT labelings of Cartesian products of regular graphs are

given in Chapter 7. Notice that the constructions do not include the results from this

chapter, because there is no SPM labeling of Cn or K5 (see [Stew2]).
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Figure 4.10: VMT labeling of C5 � K5 with the magic constant k = 379.



5 Kotzig arrays

Kotzig arrays will become very useful in the following sections. Many constructions

make use of a “scheme” with a property of having the same sum over every row and/or

column.

5.1 Definition

Magic squares, a popular mathematical recreation, can be generalized to magic rectan-

gles. If we keep the property of having the same sum over every row and column but

relax the property of having distinct element, we arrive at the topic of Kotzig arrays.

Definition 5.1 An m× n matrix such that

(1) every row contains a permutation of {0, 1, . . . , n− 1}

(2) every column has the same sum

is called a Kotzig array of size m× n.

The name was introduced by Wallis [Wal1] based on an unpublished paper by Kotzig.

5.2 Basic properties

The sum of all entries in a Kotzig array of size m× n is 1
2mn(n− 1), thus the sum over

each column is 1
2m(n− 1). Since the sum over a column has to be an integer, a Kotzig

array exists only if m is even or if n is odd.

A 2× n Kotzig array is e.g.
[

0 1 2 · · · n− 2 n− 1

n− 1 n− 2 n− 3 · · · 1 0

]

. (20)

The sum over every column is n− 1.

A 3 × n Kotzig array exists only for n odd. We denote n = 2r + 1 for some integer

r ≥ 0. The following example was taken from [Wal1] and is due to Kotzig




0 1 · · · r − 1 r r + 1 r + 2 · · · n− 2 n− 1

2r 2r − 2 · · · 2 0 2r − 1 2r − 3 · · · 3 1

r r + 1 · · · 2r − 1 2r 0 1 · · · r − 2 r − 1



 . (21)

The sum over every column is 3
2(n− 1) = 3r.

The two examples (20) and (21) are used as building stones, since Kotzig arrays with

more rows are obtained by joining copies of (20) and (21). Immediately we get

Lemma 5.2 Let m,n be positive integers, m > 1. There exists a Kotzig array of size

m× n if and only if m(n− 1) is even.

Given a Kotzig array A of size m × n one can obtain different Kotzig arrays by

permuting columns or rows of A.

44



6 Copies of magic graphs

In Section 4.2 a method was given how to find VMT labelings of copies of certain (2r+1)-

regular VMT graphs. A more general result by Wallis was mentioned in Table 1.1. In

this chapter we repeat the result by Wallis and extend the ideas to a VMT labeling with

another magic constant and also to other magic-type labelings.

6.1 Copies of VMT graphs

Wallis published a nice construction based on Kotzig arrays in [Wal2]. He showed that if

an r-regular graph has a VMT labeling, then a graph consisting of n copies of G also has

a VMT labeling. The only restriction comes from the fact that there is no Kotzig array

with an odd number of rows and an even number of columns. If G is of even regularity,

we know how to construct a VMT labeling only for an odd number of copies of G. We

do not have a general method for constructing a VMT labeling for an even number of

copies.

We state the theorem by Wallis and give an alternate proof.

Theorem 6.1 (W. D. Wallis [Wal2]) Suppose G is a regular graph of degree r other

than K1, which has a vertex magic total labeling.

(1) If r is even, then nG has a vertex magic total labeling whenever n is an odd positive

integer.

(2) If r is odd, then nG has a vertex magic total labeling for every positive integer n.

Proof 1. Given in [Wal2]. �

Let G(V,E) be an r-regular VMT graph. We denote v = |V | and e = |E|. We denote

the vertices of G by v1, v2, . . . , vv, the edges by e1, e2, . . . , ee, and a Kotzig array of size

(r+ 1)× n by A = (aj,i). By Vizing’s Theorem there exists a proper edge coloring of G

with r + 1 colors. In addition we color every vertex x with the (r + 1)-st color missing

among the r colors of r edges incident with x. We obtain a total r + 1 coloring η of G.

Wallis showed that given a VMT labeling λ of G with the magic constant k, the labeling

λ′(vi,p) = λ(vp) + (e+ v)aη(vp),i for p = 1, 2, . . . , v (22)

λ′(ei,q) = λ(eq) + (e+ v)aη(eq),i for q = 1, 2, . . . , e

is a VMT labeling of n copies of G with the magic constant k′ = k+ 1
2(e+v)(r+1)(n−1).

We give a second proof with a construction which yields a different magic constant.

Proof 2. Let G be a VMT r-regular graph from Theorem 6.1. The Kotzig array

A = (aj,i) of size (r+1)×n always exists under the conditions on r and n of Theorem 6.1.
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Take a total coloring η : (V ∪E) → {1, 2, . . . , r+1} of G. We will construct n copies Gi

of graph G for i = 1, 2, . . . , n. In Gi we denote the copies of vertices by vi,1, vi,2, . . . , vi,v

and the copies of edges by ei,1, ei,2, . . . , ei,e.

Consider the following labeling

λ′(vi,p) = n(λ(vp)− 1) + aη(vp),i + 1 for p = 1, 2, . . . , v (23)

λ′(ei,q) = n(λ(eq)− 1) + aη(eq),i + 1 for q = 1, 2, . . . , e.

To show that (23) is a VMT labeling we evaluate the weight wλ′(vi,p) of every vertex

vi,p for i = 1, 2, . . . , n and p = 1, 2, . . . , v.

wλ′(vi,p) = λ′(vi,p) +
∑

ei,q∈NE(vi,p)

λ′(ei,q)

= n



λ(vp) +
∑

eq∈NE(vp)

λ(eq)



− n(r + 1) + aη(vp),i +
∑

eq∈NE(vp)

aη(eq),i + (r + 1).

Now using the fact that λ is a VMT labeling with the magic constant k and knowing

the sum 1
2(r + 1)(n− 1) over a column of the Kotzig array A, we get

wλ′(vi,p) = nk − n(r + 1) +
1

2
(r + 1)(n− 1) + (r + 1)

= nk −
1

2
(r + 1)(n− 1).

We see that the weight of every vertex in Gi for i = 1, 2, . . . , n equals to the same

magic constant k′ = nk + 1
2(1− n)(r + 1).

Now looking at all n vertices vi,p (or n edges ei,q, respectively), which correspond to

the vertex vp (or edge eq) of the original graphG, the labels form the set {nλ(vp), nλ(vp)+

1, . . . , nλ(vp)+n− 1} (or {nλ(eq), nλ(eq)+1, . . . , nλ(eq)+n− 1}). There are e+ v such

sets and they are disjoint since λ assigns a different label to every vertex (or edge). This

means that λ′ uses each of the n(e+ v) labels exactly once. Thus λ′ is a VMT labeling

of n copies of G with the magic constant nk − 1
2(r + 1)(n− 1). �

Corollary 3.11 is not relevant, since G does need to have a regular factorization. We

could use the coloring η to set up a 1-factorization only in the special case when G has

a proper edge r-coloring and η assigns the (r + 1)-st color only to the vertices of G

(compare with Theorem 6.4).

Example 6.2 To compare the VMT labeling of 3C4 by Wallis and the labeling from

the alternate proof we need a VMT labeling of C4, a total coloring of C4 (colors 1, 2,

and 3) and a Kotzig array of size 3 × 3, see Figure 6.1. The labeling of 3C4 based on

the labeling (22) is in Figure 6.2 and the labeling of 3C4 based on the labeling (23) is in

Figure 6.3.
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s

v1

v4 v3

v2
7

4 3

6

1

8

2

5

C4

s

v1

v4 v3

v2
1

1 1

1

2

3

2

3

colors 1, 2, and 3

A =





0 1 2

1 2 0

2 0 1





3× 3 Kotzig array

Figure 6.1: VMT labeling of C4 with the magic constant k = 13, a total coloring

of C4, and a 3× 3 Kotzig array.

s

v1,1

v1,4 v1,3

v1,2
7

4 3

6

9

24

10

21

s

v2,1

v2,4 v2,3

v2,2
15

12 11

14

17

8

18

5

s

v3,1

v3,4 v3,3

v3,2
23

20 19

22

1

16

2

13

Figure 6.2: VMT labeling of 3C4 with the magic constant k = 37.
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Figure 6.3: VMT labeling of 3C4 with the magic constant k = 36.

Notice that for even regular graphs G Theorem 6.1 guarantees a construction only for

an odd number of copies. This does not mean that an even number of copies of G does

not have a VMT labeling, we just do not have a general method how to find the labeling.

According to the conjecture by MacDougall we expect all copies of regular VMT graphs

to have a VMT labeling (with the exception of K2 and 2K3). The Figure 6.4 gives a

VMT labeling for 2C4 (found by trial and error).
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Figure 6.4: VMT labeling of 2C4 with the magic constant k = 22.

6.2 Copies of SPM graphs

Unfortunately, for copies of r-regular supermagic graphs we cannot use exactly the same

nice approach as Wallis in Theorem 6.1 for r-regular vertex magic total graphs. The

construction is based on Vizing’s Theorem, which guarantees that for an r-regular graph

G there exists always a proper edge coloring with r or r + 1 colors. We can color every

vertex v with the r+1-st color which is not used among the r colors of all edges incident

with v and thus there exists a proper r + 1 total coloring (both edges and vertices) of

G. Since there are no vertex labels in an SPM graph, we always have to find a proper

edge coloring of G with just r colors. Instead of a general statement as in Theorem 6.1,

we obtain a result only for Class 1 r-regular graphs3.

Note 6.3 The following result was already known, see in [Iv]. We give a different proof

based on Kotzig arrays. A single labeling covers all possible cases. We also provide a

unified approach for labelings of copies of supermagic graphs as well as for labelings of

vertex magic total graphs. Moreover, we show that the construction covers all admissible

cases.

Theorem 6.4 Let r be an integer at least 3. Let G be an r-regular graph with a proper

edge r coloring, which has an SPM labeling.

(1) If r is odd, then nG has a supermagic labeling whenever n is an odd positive integer.

(2) If r is even, then nG has a supermagic labeling for every positive integer n.

Proof. We consider r ≥ 3 because the only 1-regular graph is K2 and there can be no

2-regular supermagic graph. The proof continues similarly to the proof of Theorem 6.1.

Let G(V,E) be an r-regular SPM graph which satisfies the conditions above. Take

an SPM labeling λ of G with magic constant h and a Kotzig array A = (aj,i) of size

3Let χ′(G) be the edge-chromatic number of G. We say a graph G is Class 1 if χ′(G) = ∆(G) and

Class 2 if χ′(G) = ∆(G) + 1.
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r×n. Under the conditions on r and n of the theorem such an array always exists. Take

a proper edge r coloring η : E → {1, 2, . . . , r} of G. We denote the vertices of G by

v1, v2, . . . , vv and edges by e1, e2, . . . , ee. We will construct n copies Gi of the graph G

for i = 1, 2, . . . , n. In Gi we denote the copies of vertices by vi,1, vi,2, . . . , vi,v and edges

by ei,1, ei,2, . . . , ei,e.

Consider the following labeling

λ′(ei,q) = n(λ(eq)− 1) + aη(eq),i + 1 for q = 1, 2, . . . , e. (24)

We observe that all n edges ei,q for i = 1, 2, . . . , n which correspond to the edge eq of

the original graph G have their labels from the set {nλ(eq), nλ(eq)+1, . . . , nλ(eq)+n−1}.

There are e such sets and they are disjoint since λ assigns a different label between 1

and e to each edge, so λ′ is a bijection from E(nG) to {1, 2, . . . , ne}.

We show that (24) is an SPM labeling using Theorem 3.12 for every copy Gi of G.

We decompose G to r factors according to the edge coloring η so that factor Fj contains

only the edges of color j. Since η is a proper edge coloring, this is always possible.

Taking a = n, r1 = r2 = . . . = rr = 1, and bj = aj,i + 1− n for j = 1, 2, . . . , r we get

h′ = nh+
r∑

i=1

(aj,i + 1− n) .

Using the fact that 1
2r(n− 1) is the sum over a column of the r× n Kotzig array A,

we get

h′ = nh+
1

2
r(n− 1) + r(1− n)

= nh−
1

2
r(n− 1)

which using (3) simplifies to

h′ =
1

2
r(ne+ 1).

Thus λ′ is an SPM labeling of nG with the magic constant h′ = 1
2r(ne+ 1). �

We can give a second labeling by

λ′′(ei,q) = λ(eq) + eaη(eq),i for q = 1, 2, . . . , e. (25)

The magic constant h′′ = h+ 1
2re(n− 1) also simplifies to h′′ = 1

2r(ne+ 1).

The following theorem shows that by Theorem 6.4 we have covered all possible cases

of copies of Class 1 regular supermagic graphs.

Theorem 6.5 Let r be an integer at least 3. Let G be an r-regular graph with a proper

edge r coloring, which has an SPM labeling. If r is odd and n is a positive even integer,

then there is no supermagic labeling of nG.
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Proof. We denote the number of edges of G by e, the SPM labeling of G by λ and the

magic constant of λ by h. According to (3) is h = 1
2r(1+ e). Since h is an integer and r

is odd, then e must be odd. Suppose by way of contradiction that there exists an SPM

labeling λ′ of nG. The magic constant of λ′ is h′ = 1
2r(1 + ne). Because n is even, r is

odd and 1+ne is odd h′ is not an integer. We have a contradiction, because h′ is a sum

of integers. Thus there is no SPM labeling of nG where r is odd and n is even. �

n

v1 v2 v3 v4

v5 v6 v7 v8

1

1 1

1
2

2
2

2

3

3 3

3

4
4

4

4

Figure 6.5: Proper edge coloring of K4,4 using colors 1, 2, 3, and 4.

n
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29

5 21

13

12
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16

n

v2,1 v2,2 v2,3 v2,4

v2,5 v2,6 v2,7 v2,8

2
26 10

18

19

23
27

31

30

6 22

14

11
7

3

15

Figure 6.6: Supermagic coloring of 2K4,4 with the magic constant h′ = 66.

Example 6.6 In Figure 1.6 is an SPM labeling of K4,4, in Figure 6.5 is a proper edge

coloring of K4,4 using colors 1, 2, 3, and 4. A 4× 2 Kotzig array is easy to construct.

A =








0 1

1 0

0 1

1 0








To find an SPM labeling of 2K4,4 we use the labeling (24) from the proof of Theo-

rem 6.4. The magic constant of 2K4,4 is h′ = 66, see Figure 6.6.

We can state a result analogous to Lemma 4.3 also for supermagic graphs.

Lemma 6.7 Let n, r be positive integers. Let G be a 2r-regular SPM graph which can

be factorized into two r-regular factors. Then the graph nG is also an SPM graph.
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Proof. See Theorem 6.9. �

Since every odd regular VMT graph satisfies the conditions of Theorem 6.1 is

Lemma 4.3 a special case. On the other hand if we compare Theorem 6.4 and Lemma 6.7

it is easy to find regular SPM graphs which satisfy conditions of just one of them. Any

odd-regular SPM graph G does not satisfy conditions of Lemma 6.7, but we can find an

SPM labeling of nG using Theorem 6.4. According to [Stew2] we have an SPM labeling

for K9 (see also Table 1.2). K9 does not satisfy conditions of Theorem 6.4, because

there exists no proper edge 8-coloring of K9 since there is no 1-factorization of a graph

on an odd number of vertices. Yet, we can decompose K9 into two 4-regular factors (see

Figure 6.7) and use Lemma 6.7 to find an SPM labeling for nG for any n.

=>

Figure 6.7: Two 4-regular factors of K9.

Now we prove a more general statement. Both Theorem 6.4 and Lemma 6.7 are

special cases of the following theorem.

Note 6.8 The following result was already published in [Iv]. We present a construction

based on Kotzig arrays which covers all possible cases by a single labeling.

Theorem 6.9 Let n, k, and r be positive integers, where k ≥ 2 and kr ≥ 3. Let G be

a kr-regular SPM graph which can be factorized into k r-regular factors.

(1) If k is odd, then nG has an SPM labeling whenever n is an odd positive integer.

(2) If k is even, then nG has an SPM labeling for every positive integer n.

Proof. We consider k ≥ 2 and kr ≥ 3 because there is no 1× n Kotzig array and the

only 1-regular graph is K2 and there can be no 2-regular supermagic graph. The proof is

a generalization of the proof of Theorem 6.4. We use the same notation. Let A = (aj,i)

be a Kotzig array of size k × n. Under the conditions on k and n of the theorem such

an array always exists. By F1, F2, . . . , Fk we denote the r-regular factors of G.
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Consider the following labeling

λ′(ei,q) = n(λ(eq)− 1) + aj,i + 1 for q = 1, 2, . . . , e, where eq ∈ Fj . (26)

Again λ′ is a bijection from E(nG) to {1, 2, . . . , ne} and we show that (26) is an SPM

labeling using Theorem 3.12 for every copy Gi of G. While a = n, r1 = r2 = . . . = rk = r,

and bj = aj,i + 1− n for j = 1, 2, . . . , k we get

h′ = nh+ r
k∑

i=1

(aj,i + 1− n) .

Since 1
2k(n− 1) is the sum over a column of the k × n Kotzig array A, is

h′ = nh+
1

2
kr(n− 1) + r(1− n)

= nh−
1

2
kr(n− 1)

which using (3) simplifies to

h′ =
1

2
kr(ne+ 1).

Thus λ′ is an SPM labeling of nG with the magic constant h′ = 1
2kr(ne+ 1). �

An alternate labeling is given by

λ′′(ei,q) = λ(eq) + eaj,i for q = 1, 2, . . . , e, where eq ∈ Fj .

The magic constant h′′ = h+ 1
2kre(n− 1) also simplifies to h′′ = 1

2kr(ne+ 1).

Theorem 6.4 follows from Theorem 6.9 when r = 1 and Lemma 6.7 is a special case

for k = 2.

For the remaining case in Theorem 6.9 when k is odd and n is even we can exclude

the case of r being odd, since then nG does not allow an SPM labeling. We omit the

proof because the statement follows from Theorem 6.5.

Theorem 6.10 Let k and r be positive integers, where k ≥ 2 and kr ≥ 3. Let G be a

kr-regular SPM graph which can be factorized into k r-regular factors. If kr is odd and

n is a positive even integer, then there is no supermagic labeling of nG.

We could state a result similar to Theorem 6.9 also for VMT graphs. Since any

r-regular VMT graph satisfies Theorem 6.1, such result would give a VMT labeling only

for classes of r-regular graphs which are already covered by Theorem 6.1. In particular,

for r even we cannot find an r+1×n Kotzig array for n even and thus the method from

Theorem 6.1 fails for an even number of copies. By splitting the r-regular graph G into

factors, we have to split the integer r+1 into an odd number of integers q (r+1 = k · q)

and thus we cannot construct labelings of an even number of copies of G either.

The results concerning vertex magic total labelings of copies of regular graphs and

copies of supermagic graphs are used is the next chapter to construct vertex magic total

labelings of products of VMT and SPM graphs.



7 Cartesian products of graphs revisited

We investigated Cartesian products already in Chapter 4. We gave VMT labelings of

products G � H of certain regular graphs based on VMT labelings and VAMT labelings

of graphs G and H. In this chapter we give VMT and SPM labelings of Cartesian

products G � H combining ideas from Chapter 6. We label products using VMT

labelings and/or SPM labelings of copies of graphs G and H based on Kotzig arrays.

7.1 Products of regular VMT and SPM graphs

As mentioned in Chapter 4 on page 27 we can decompose the product G � H into two

factors: one factor consisting of |H| copies of G, the second factor consisting of |G| copies

of H. Combining the ideas from the proofs of Theorem 6.1 and Theorem 6.4 we obtain

the following result.

Theorem 7.1 Let G be an r-regular VMT graph on m vertices. Let H be an s-regular

Class 1 SPM graph on n vertices. Suppose

(1) r is odd or n is odd,

(2) s is even or m is odd,

then there exists a VMT labeling of G � H.

Proof. Let λG be a VMT labeling of G with the magic constant k and let λH be an

SPM labeling of H with the magic constant h. We can decompose G � H into two

factors: first factor FG containing n copies of G and the second factor FH containing m

copies of H. Since r and n satisfy the properties of Theorem 6.1, we can construct a

VMT labeling λ′
G of the factor FG with the magic constant kG = nk − 1

2(r + 1)(n − 1)

using (23). Moreover, s and n satisfy the properties of Theorem 6.4 and we can construct

an SPM labeling λ′
H of the factor FH with the magic constant hH = 1

2s(m|E(H)| + 1)

using (24).

We add a constant n(m + |E(G)|) to every label in FH to obtain a generalized

supermagic labeling of FG. The labeling

λ(x) = λ′
G(x) ∀x ∈ V (FG)

λ(xy) = λ′
G(xy) ∀xy ∈ E(FG) (27)

λ(xy) = λ′
H(xy) + n(m+ |E(G)|) ∀xy ∈ E(FH)

is a VMT labeling of G � H with the magic constant

kG + hH + s(m+ |EG|) = nk +
1

2
(1− n)(r + 1) +

1

4
s(mns+ 2) +

1

2
mns(r + 2).

53
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The magic property is easy to observe, since both the labelings λ′
G and λ′

H are magic.

It is trivial to check that every label between 1 and mn+ n|E(G)|+m|E(H)| was used

exactly once. �

An alternative labeling can be obtained by adding m|E(H)| to all labels in the

labeling λ′
G which results in a VMT labeling of G � H with the magic constant

kG + hH + (r + 1)m|EH | = nk +
1

2
(r + 1)(1− n+mns) +

1

4
s(mns+ 2).

Moreover, we can use the labeling given by (22) instead of the labeling given by (23) to

label FG and obtain a VMT labeling of G � H with the magic constant

k +
1

4
m(r + 2)(m+ 1)(n− 1) +

1

4
s(mns+ 2) +

1

2
mns(r + 2)

or alternatively

k +
1

4
m(r + 2)(m+ 1)(n− 1) +

1

4
s(mns+ 2) +

1

2
mns(r + 1).

The result from Theorem 7.1 is further extended in Section 8.1.

Example 7.2 We find a VMT labeling of K4 � K4,4 using Theorem 7.1. We take the

VMT labeling of K4 from Figure 1.4, the SPM labeling of K4,4 from Figure 1.6 and the

edge 4-coloring of K4,4 from Figure 6.5. A total coloring of K4, a Kotzig array of size

4× 4 and a Kotzig array of size 4× 8 are given in Figure 7.1.

Evaluating the magic constant for m = 4, n = 8, r = 3, s = 4, and k = 20 we get

k = 8 · 20− 1
27 · 4 +

1
44 · 130 +

1
2128 · 5 = 596. One can verify that adding together the

the partial sums (in boldface) on corresponding vertices in Figure 7.2 and Figure 7.3 we

obtain the magic constant k = 596.

r

v1

v4 v3

v2
1

1 1

1

2

3

2

3

4 4

AH =








0 1 2 3

3 2 1 0

0 1 2 3

3 2 1 0








AG =








0 1 2 3 4 5 6 7

7 6 5 4 3 2 1 0

0 1 2 3 4 5 6 7

7 6 5 4 3 2 1 0








Figure 7.1: Total coloring of K4 using colors 1, 2, 3, and 4, a 4 × 4 Kotzig array

and a 4× 8 Kotzig array.
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r

v1,1

v1,4 v1,3

v1,2

25

65 49

73

64

9

48

17

40 8

r

v2,1

v2,4 v2,3

v2,2

26

66 50

74

63

10

47

18

39 7

r

v3,1

v3,4 v3,3

v3,2

27

67 51

75

62

11

46

19

38 6

r

v4,1

v4,4 v4,3

v4,2

28

68 52

76

61

12

45

20

37 5

r

v5,1

v5,4 v5,3

v5,2

29

69 53

77

60

13

44

21

36 4

r

v6,1

v6,4 v6,3

v6,2

30

70 54

78

59

14

43

22

35 3

r

v7,1

v7,4 v7,3

v7,2

31

71 55

79

58

15

42

23

34 2

r

v8,1

v8,4 v8,3

v8,2

32

72 56

80

57

16

41

24

33 1

Figure 7.2: Vertex magic total labeling of 8K4 with the magic constant k = 146.

n

v1,1 v2,1 v3,1 v4,1

v5,1 v6,1 v7,1 v8,1

81
129 97

113

120

128
136

144

104
96

88

112 89 121

105 137
n

v1,2 v2,2 v3,2 v4,2

v5,2 v6,2 v7,2 v8,2

82
130 98

114

119

127
135

143

103
95

87

111 90 122

106 138

n

v1,3 v2,3 v3,3 v4,3

v5,3 v6,3 v7,3 v8,3

83
131 99

115

118

126
134

142

102
94

86

110 91 123

107 139
n

v1,4 v2,4 v3,4 v4,4

v5,4 v6,4 v7,4 v8,4

84
132 100

116

117

125
133

141

101
93

85

109 92 124

108 140

Figure 7.3: Generalized supermagic labeling of 4K4,4 with the magic constant h = 450.

7.2 Products of regular SPM graphs

The following result was already published in [Iv]. We state this result on SPM labelings

of products of SPM graphs as an analogue to Theorem 7.1. The proof is constructive.
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Theorem 7.3 Let G be an r-regular Class 1 SPM graph on m vertices and let H be

an s-regular Class 1 SPM graph on n vertices. Suppose

(1) r is even or n is odd,

(2) s is even or m is odd,

then there exists an SPM labeling of G � H.

Proof. The proof is similar to the proof of Theorem 7.1. Let λG be an SPM labeling

of G and let λH be an SPM labeling of H. We use the same notation as in the proof

of Theorem 7.1. We label edges of FG by an SPM labeling λ′
G with the magic constant

hG = 1
2r(m|EG|+ 1) and edges of FH by an SPM labeling λ′

H with the magic constant

hH = 1
2s(n|EH |+ 1) using (24).

We add a constant n|E(G)| to every label in FH . We obtain a GSPM of FH . The

labeling

λ(xy) = λ′
G(xy) ∀xy ∈ E(FG) (28)

λ(xy) = λ′
H(xy) + n|E(G)| ∀xy ∈ E(FH)

is an SPM labeling of G � H with the magic constant

hG + hH + ns|EG| =
1

2
r(m|EG|+ 1) +

1

2
s(n|EH |+ 1) + ns|E(G)|

=
1

4
(mr + ns)2 +

1

2
(r + s).

We used the fact that |EG| =
1
2mr and |EH | = 1

2ns. The magic property of λ follows

from the magic property of the labelings λ′
G and λ′

H . It is trivial to check that every

label between 1 and n|E(G)|+m|E(H)| was used exactly once. �

An alternative labeling can be obtained by adding m|E(H)| to all labels in the

labeling λ′
G. Moreover, we can use the labeling (25) instead of the labeling (24). It is

easy to observe that all such labelings yield the same magic constant since the magic

constant of a supermagic labeling of a regular graph depends only on the number of

vertices and edges of a given graph.

For a further generalization of Theorem 7.3 see Section 8.2.

Example 7.4 We can use the labeling (28) to find an SPM labeling of the product

K4,4 � K4,4. We take an SPM labeling of K4,4 (Figure 1.6), a total coloring of K4,4

and a Kotzig array of size 4 × 8 (Figure 7.1). The magic constant of such labeling is

h = 1
4(32 + 32)2 + 1

2(4 + 4) = 1028.



7 CARTESIAN PRODUCTS OF GRAPHS REVISITED 57

7.3 Products of regular VMT graphs

We can use Kotzig arrays to obtain a theorem analogous to Theorem 4.12 with a similar

construction as in the proof of Theorem 6.9.

Theorem 7.5 Let r, s, p, and q be positive integers, where p, q ≥ 2. Let G be an

rp-regular VMT graph on m vertices which can be factorized into r p-regular factors and

let H be an sq-regular graph on n vertices which can be factorized into s q-regular factors

and which has a VMT labeling with vertices labeled by consecutive integers. Suppose

(1) r is even or n is odd,

(2) s is even or m is odd,

then there exists a VMT labeling of G � H.

Proof. We denote the vertices of G by u1, u2, . . . , um, the VMT labeling of G by

λG and the p-regular factors by E1, E2, . . . , Er. We also denote the vertices of H by

v1, v2, . . . , vn, the VMT labeling of H by λH and the q-regular factors by F1, F2, . . . ,

Fs. We denote the magic constant of λG by kG and the magic constant of λH by kH .

We suppose the vertices are ordered so that λH(vj+1) = λH(vj) + 1 for 1 < j ≤ n, thus

if we denote the lowest vertex label by c, we have λH(vj) = (c− 1) + j for 1 ≤ j ≤ n.

We denote the vertices of G � H by xi,j , where xi,j = (ui, vj), ui ∈ U , 1 ≤ i ≤ m,

and vj ∈ V , 1 ≤ j ≤ n. We can decompose the product G � H into two factors: one

factor FG consisting of n copies of G, the second factor FH consisting of m copies of H.

Take a Kotzig array A = (aw,i) of size r × n and a Kotzig array B = (bz,j) of size

s×m. Under the conditions on m, n, r, and s of the theorem such arrays always exist.

Consider the labeling λ given by

λ(xi,j) = n(λG(uj)− 1) + i ∀xi,j ∈ V (G � H)

λ(xi,jxi,l) = n(λG(ujul)− 1) + aw,i + 1 ∀xi,jxi,l ∈ E(FG);ujul ∈ Ew (29)

λ(xi,jxk,j) =
1

2
mn(rp+ 2) +

1

2
nsqbz,j + λH(vivk) ∀xi,jxk,j ∈ E(FH); vivk ∈ Fz

where i, k = 1, 2, . . . , n and j, l = 1, 2, . . . ,m.

It is easy to observe that the labels 1, 2, . . . , 12mn(rp + 2) are used to label vertices

and edges in FG. Since λG is a bijection and there are n distinct elements in every row of

the Kotzig array A, we use each label exactly once. The next 1
2mnsq labels are used to

label edges of FH . All m edges corresponding to a certain edge vivk of H obtain labels

congruent to λH(vivk) modulo 1
2nsq, thus we use each of them exactly once. Altogether

λ is a bijection to {1, 2, . . . , 12mn(rp+ sq + 2)}.

We can use the proof of Corollary 3.11 for every copy of G in the factor FG. Taking

a = n, b = −n+ i, r = p (a p-factorization), and ci = aw,i+1−n we evaluate the partial
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sum of labels at vertices in the factor FG. We get

nkG − n+ i+
r∑

l=1
l 6=j

(aw,i − n+ 1) = nkG − n+ i+
1

2
rp(n− 1)− rpn+ rp

using the fact that the sum over a column of an r × n Kotzig array is 1
2r(n − 1). This

further simplifies to

n(kG − 1) + i−
1

2
rp(n− 1).

The partial sum of labels over edges adjacent to vertices in FH is

∑

xk,j∈N(E(FH))

λ(xi,jxk,j) =
1

2
mnsq(rp+ 2) +

1

2
nsq

s∑

k=1
k 6=i

bz,j +
s∑

k=1
k 6=i

λH(vivk).

Using the fact that the sum over a column of an s ×m Kotzig array is 1
2s(m − 1) and

using λH(vi) = (c− 1) + i, we get
∑

xk,j∈N(E(FH))

λ(xi,jxk,j) =
1

2
mnsq(rp+ 2) +

1

4
(sq)2n(m− 1) + kH − c+ 1− i.

The weight of every vertex in G � H is the sum of both partial sums.

wλ(xi,j) = n(kG − 1) + i−
1

2
rp(n− 1) +

1

2
mnsq(rp+ 2) +

1

4
(sq)2n(m− 1) +

kH − c+ 1− i

= n(kG − 1) + kH −
1

2
rp(n− 1) +

1

2
mnsq(rp+ 2) +

1

4
(sq)2n(m− 1)− c+ 1

So λ is a vertex magic total labeling of G � H with the magic constant n(kG − 1) +

kH − 1
2rp(n− 1) + 1

2mnsq(rp+ 2) + 1
4(sq)

2n(m− 1)− c+ 1. �

Example 7.6 We can find a VMT labeling of C4 � K5 using Theorem 7.5. We take

the VMT labeling of C4 and K5, the 1-factorization of C4 and the 2-factorization of K5

from Figure 6.1 If we take the “thick” factor of C4 to be E1, the “thin” factor of C4 to

be E2, the “thick” factor of K5 to be F1 and the “thin” factor of K5 to be F2 and if we

take the Kotzig array A of size 2× 5 and the Kotzig array B of size 4× 4 to be

A =

(
0 1 2 3 4

4 3 2 1 0

)

B =








0 1 2 3

3 2 1 0

0 1 2 3

3 2 1 0








,

we obtain the same VMT labeling of C4 � K5 as given by Theorem 4.12, see Figure 4.9.

Taking m = 4, n = 5, r = 2, p = 1, s = 2, q = 2, c = 11, kG = 13, and kH = 35 the magic

constant is k = 5(13−1)+35− 1
22·1(5−1)+ 1

24·5·2·2(2·1+2)+ 1
4(2·2)

25(4−1)−11+1 = 301.



7 CARTESIAN PRODUCTS OF GRAPHS REVISITED 59

Note 7.7 It should be pointed out that if a graph H satisfies the conditions of The-

orem 7.5, then n has to be even. It was proved in [MsP, p. 54] that for a regular on an

even number of vertices exists no vertex magic total labeling such that the vertex labels

constitute an arithmetic progression with an odd difference.

7.4 Remarks

The results given in Chapter 4 in Theorem 4.6, Theorem 4.8 and Theorem 4.10 are not

special cases of theorems given in this section, because K5 has no SPM labeling and no

2-regular graph has an SPM labelings.

Theorem 4.12 is a special case of Theorem 7.5 for p = q = 2 and for certain Kotzig

arrays. In comparison to Theorem 4.12 we allow G be an odd regular graph, so we can

find VMT labelings for e.g. G � H = K4 � K5.

An important observation is that if one of the graphs G and H is Class 1, then

G � H for nontrivial graphs is always Class 1 (see [West, p. 284]). This means that

we can construct VMT labelings for repeated products such as ((K4 � K6,6) � M6) �

K4,4 � · · · and that we can construct also SPM labelings for repeated products such as

((Q4 � K4,4) � K6,6) � M8 � · · ·.



8 Factors and compositions of graphs

As mentioned in Section 1.3 an unpublished conjecture by MacDougall says that any

regular graph other than K2 or 2K3 is vertex magic total4. Because obviously no graph

containing K2 as a component can have a VMT labeling we rephrase the conjecture:

Any r-regular graph for r > 1, with the exception of 2K3, has a vertex magic

total labeling.

All results in this thesis support the conjecture. According to results given in the previous

chapters, many classes of Cartesian products of regular graphs have a VMT or an SPM

labeling. The theorems in this chapter further extend the set of classes of regular graphs

which are known to have magic-type labelings. Moreover we give VMT, SPM and VAMT

labelings also for certain classes of nonregular graphs.

8.1 On VMT labelings of graphs

Theorem 8.1 Let G be a graph. If G can be decomposed into a VMT factor F0 and

regular SPM factors F1, F2, . . . , Fn, then G has a VMT labeling.

Proof. Let G(V,E) be a graph satisfying the conditions above. We denote the VMT

labeling of F0 by λF0 and the magic constant of λF0 by kF0 . Similarly we denote the

SPM labeling of the ri-regular factor Fi by λFi
and the magic constant of each λFi

by

hFi
for i = 1, 2, . . . , n. While v = |V | and e = |E| we define

b1 = v + |E(F0)|

bi = b1 +
i−1∑

j=1

|E(Fj)| = v + |E(F0)|+
1

2
v

i−1∑

j=1

rj

for i = 2, 3, . . . , n. We show that the labeling λ given by

λ(x) = λF0(x) for x ∈ V

λ(xy) =







λF0(xy) + b1 for xy ∈ E(F0)

λF1(xy) + b2 for xy ∈ E(F1)
...

λFn
(xy) + bn for xy ∈ E(Fn)

(30)

is a vertex magic total labeling of G.

It is easy to observe that λ is a bijection to {1, 2, . . . , v + e}. The first v + |E(F0)|

labels are used to label the vertices and edges of F0. The next |E(F1)| labels are assigned

4A note about the conjecture can be found in [McQ, MS]. The author learned from personal com-

munication with J. MacDougall that the conjecture was not published yet.

60
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to the edges of F1, notice definition of the bi’s. Similarly, different labels are used over

the factors F2, F3, . . . , Fn. Since for i = 1, . . . , n each of the labelings λFi
is an SPM

labeling with the magic constant hFi
, from Theorem 3.9 follows that λ is a VMT labeling

with the magic constant

k = kF0 +

n∑

i=1

(hFi
+ ribi)

which using hFi
= 1

2ri(1 + |E(Fi)|) =
1
4ri(2 + vri) for j = 1, 2, . . . , n and the definition

of bi simplifies to

k = kF0 +
1

2

n∑

i=1

ri +
1

4
v

n∑

i=1

r2i +
n∑

i=1

ri



v + |E(F0)|+
1

2
v

i−1∑

j=1

rj





= kF0 +

(
1

2
+ v + |E(F0)|

) n∑

i=1

ri +
1

4
v





n∑

i=1

r2i + 2
n∑

i=1

i−1∑

j=1

rirj





= kF0 +

(
1

2
+ v + |E(F0)|

) n∑

i=1

ri +
1

4
v

(
n∑

i=1

ri

)2

.

Thus, we see that λ is a vertex magic total labeling of G with the magic constant

k = kF0 +
(
1
2 + v + |E(F0)|

)∑n
i=1 ri +

1
4v (
∑n

i=1 ri)
2. �

Example 8.2 We can find a VMT labeling of a 6-regular graph G on 8 vertices (K8

without a perfect matching). G can be decomposed into F0 = 2C4 and F1 = K4,4.

We know a VMT labeling of 2C4 (see Figure 6.4) and an SPM labeling of K4,4 (see

Figure 1.6). Using the construction from the proof of Theorem 8.1 we take b1 = 16,

r1 = 4, kF0 = 22, and hF1 = 34. We obtain a VMT labeling of G with the magic

constant k = 22 + (1/2 + 8 + 8) · 4 + (1/4) · 8 · 16 = 120, see Figure 8.1.

h

v1

v4 v3

v2

5

10 16

11

8

4

2

9

h

v5

v8 v7

v6

14

12 13

15

7

3

6

1

Factor F0

n

v1 v2 v3 v4

v5 v6 v7 v8

17
29 21

25

26

28
30

32

22
20

18

24 19 27

23 31

Factor F1

Figure 8.1: Vertex magic total labeling of G in two factors F0 = 2C4 and F1 = K4,4

with the magic constant k = 120.
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Example 8.3 We can find also VMT labelings for nonregular graphs. Let G be K8

without 2P4. G can be decomposed into F0 = 2P4 and F1 = K4,4. We have a VMT

labeling of 2P4 in Figure 8.2 (found by trial and error) and an SPM labeling of K4,4

(see Figure 1.6). We use the construction from the proof of Theorem 8.1 and we take

b1 = 14, r1 = 4, kF0 = 20, and hF1 = 34. We obtain a VMT labeling of G with the

magic constant k = 20 + (1/2 + 8 + 6) · 4 + (1/4) · 8 · 16 = 110, see Figure 8.2.

"

v1 v2 v3 v4

6 1 4 9
14 5 11

"

v5 v6 v7 v8

12 2 3 13
8 10 7

Factor F0

n

v1 v2 v3 v4

v5 v6 v7 v8

15
27 19

23

24

26
28

30

20
18

16

22 17 25

21 29

Factor F1

Figure 8.2: Vertex magic total labeling of G in two factors F0 = 2P4 and F1 = K4,4

with the magic constant k = 110.

The following theorem is similar to Theorem 8.1. It covers the case when the non-

regular factor F0 has an SPM labeling instead of a VMT labeling.

Theorem 8.4 Let G be a graph. If G can be decomposed into an SPM factor F0, a

regular VMT factor F1, and regular SPM factors F2, F3, . . . , Fn, then G has a VMT

labeling.

Proof. The proof is analogous to the proof of Theorem 8.1. We denote the magic

labelings of F0, F1, . . . , Fn by λF0 , λF1 , . . . , λFn
and the magic constants by hF0 , kF1 ,

hF2 , . . . , hFn
. The factors F1, F2, . . . , Fn are regular, we denote their degrees by r1, r2,

. . . , rn. F0 does not need to be regular. Taking v = |V | and e = |E| we define

b1 = |E(F0)|

b2 = v + |E(F0)|+ |E(F1)|

bi = b1 + b2 +
i−1∑

j=2

|E(Fj)| = v + |E(F0)|+ |E(F1)|+
1

2
v

i−1∑

j=2

rj

for i = 3, 4, . . . , n. It can be verified that the labeling λ given by

λ(x) = λF1(x) for x ∈ V

λ(xy) =







λF0(xy) + b1 for xy ∈ E(F0)

λF1(xy) + b2 for xy ∈ E(F1)
...

λFn
(xy) + bn for xy ∈ E(Fn)
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is a bijection to {1, 2, . . . , v + e} and that λ is a VMT labeling of G with the magic

constant

k = hF0 + kF1 + |E(F0)|(r1 + 1) +

(
1

2
(1 + vr1) + v + |E(F0)|

) n∑

i=2

ri +
1

4
v

(
n∑

i=2

ri

)2

.

�

Note 8.5 Examples of nonregular graph with an SPM labeling are given in [DIS].

Let G be a graph. Theorem 8.1 and Theorem 8.4 transform the question about G

having a VMT labeling into a question about G having certain decomposition. For some

classes of graphs we can guarantee certain decompositions and then the property of being

vertex magic total follows. We give a couple of results for compositions of graphs.

The composition of graphs is among the most common operations on graphs.

Definition 8.6 Let G and H be graphs with the vertex sets V (G) = U and V (H) = V .

The composition or lexicographic product of graphs G and H is the graph G[H] with

the vertex set V (G[H]) = U × V . Two vertices (u, v) and (u′, v′) are adjacent in G[H]

if uu′ ∈ E(G) or if u = u′ and vv′ ∈ E(H).

Example 8.7 The composition of P2 and P3 is the graph P2[P3] shown in Figure 8.3.

f

u1

u2

P2

v1 v2 v3

P3

(u1, v1) (u1, v2) (u1, v3)

(u2, v1) (u2, v2) (u2, v3)

P2[P3]

Figure 8.3: Composition P2[P3].

The composition of two complete graphs is a complete graph: Km[Kn] = Kmn.

Copies of a graph G can be described as a composition of a null graph on n vertices Kn

and a graph G: Kn[G] = nG. Composition of a complete graph and a null graph is a

complete multipartite graph: Kn[Kp] = Kn, n, . . . , n
︸ ︷︷ ︸

p

.

Note 8.8 Notice that in G[H] every vertex of G is “blown up” into a copy of H and

every edge of G is “blown up” into a complete bipartite graph K|H|,|H|. We point out

that the composition G[H] can be decomposed into two factors: one factor consisting of
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|G| copies of H, the second factor consisting of a multipartite graph with each partite

set of size |H|.

Theorem 8.9 Let G be a p-regular graph on 2m vertices which has a 1-factorization

and let H be an r-regular VMT graph on n vertices. If n is even and r is odd, then the

composition G[H] has a vertex magic total labeling.

Proof. According to Note 8.8 we can decompose G[H] into a factor F0 which consists

of 2m copies of H and a factor F ′
0 which consists of a multipartite graph. The 1-

factorization of G has p factors, thus F ′
0 is a pn-regular graph. Every edge in a 1-factor

of G corresponds to a Kn,n subgraph in the factor F ′
0 because every edge of G is “blown

up” into a Kn,n. Every 1-factor of G has m edges and corresponds to an n-factor of F ′
0

consisting of m copies of Kn,n. We denote the p n-factors of F ′
0 by F1, F2, . . . , Fp.

According to the assumption H is an r-regular VMT graph where r is odd. From

Theorem 6.1 follows that also nH has a VMT labeling λ0. We denote the magic constant

of λ0 by kλ0 . Moreover, from Theorem 6.4 follows that every Fi for i = 1, 2, . . . , p has

an SPM labeling (Kn,n is n-regular and Class 1). From Theorem 8.1 follows that G[H]

has a VMT labeling with the magic constant

k = kF0 +

(
1

2
+ v + |E(F0)|

) n∑

i=1

ri +
1

4
v

(
n∑

i=1

ri

)2

= kλ0 +

(
1

2
+ 2mn+mnr

)

np+
1

2
mn (np)2 .

�

Example 8.10 According to Corollary 8.9 C4[K4] has a VMT labeling. The factor F0

consists of four copies of K4. A VMT labeling of 4K4 with the magic constant k = 74 is

given in Figure 4.3. A 1-factorization of C4 is at hand. Based on the 1-factorization of C4

we decompose F ′
0 into two factors F1 and F2, each consisting of two copies of K4,4. An

SPM labeling of 2K4,4 with the magic constant h = 66 is given in Figure 6.6. Using the

labeling (30) we find a VMT labeling of C4[K4]. For kλ0 = 74, m = 2, n = 4, p = 2, and

r = 3 we get the magic constant k = 74+(1/2+2·2·4+2·4·3)·4·2+1/2·2·4·(4·2)2 = 654.
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r

x1,1

x1,4 x1,3

x1,2

13

33 25

37

32

8

24

12

17 1

r

x2,1

x2,4 x2,3

x2,2

14

34 26

38

31

7

23

11

18 2

r

x3,1

x3,4 x3,3

x3,2

15

35 27

39

30

6

22

10

19 3

r

x4,1

x4,4 x4,3

x4,2

16

36 28

40

29

5

21

9

20 4

Factor F0 with the magic constant kF0 = 74.

n

x1,1 x1,2 x1,3 x1,4

x2,1 x2,2 x2,3 x2,4

41
65 49

57

60

64
68

72

69

45 61

53

52
48

44

56

n

x3,1 x3,2 x3,3 x3,4

x4,1 x4,2 x4,3 x4,4

42
66 50

58

59

63
67

71

70

46 62

54

51
47

43

55

Factor F1 with the magic constant hF1 = 226.

n

x2,1 x2,2 x2,3 x2,4

x3,1 x3,2 x3,3 x3,4

73
97 81

89

92

96
100

104

101

77 93

85

84
80

76

88

n

x4,1 x4,2 x4,3 x4,4

x1,1 x1,2 x1,3 x1,4

74
98 82

90

91

95
99

103

102

78 94

86

83
79

75

87

Factor F2 with the magic constant hF2 = 354.

Figure 8.4: Vertex magic total labeling of C4[K4] with the magic constant h = 654.

We can relax the restrictions on n and r in Theorem 8.9 because they follow only

from constructions which are known so far.

Theorem 8.11 Let G be a p-regular graph on 2m vertices which has a 1-factorization

and let H be an r-regular graph on n vertices so that

(1) 2mH has a VMT labeling and

(2) mKn,n has an SPM labeling.

Then the composition G[H] has a vertex magic total labeling.

Proof. The proof is almost identical to the proof of Theorem 8.9. We use the same

notation and the same decomposition into factors Fi for i = 1, 2, . . . , p. According to the

assumption of this theorem F0 has a VMT labeling and every factor Fi for i = 1, 2, . . . , p
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has an SPM labeling. Thus from Theorem 8.1 follows that G[H] has a VMT labeling

with the magic constant k = kλ0 +
(
1
2 + 2mn+mnr

)
np+ 1

2mn (np)2. �

Example 8.12 Using the construction given in the proof of Theorem 8.11 we can find

a VMT labeling of K2[C4]. The factor F0 consists of 2C4 and the factor F1 = K4,4. We

know a VMT labeling for 2C4 (given in Figure 6.4) though we do not have a general

construction for VMT labelings of 2nC4. The magic constant for kλ0 = 22, m = 1,

n = 4, p = 1, and r = 2 is k = 22+ (1/2+ 2 · 1 · 4+ 1 · 4 · 2) · 4 · 1+ 1/2 · 1 · 4 · (4)2 = 120.

The VMT labeling of K2[C4] given by (30) is identical to the labeling already given

in Example 8.2, see Figure 8.1.

8.2 On SPM labelings of graphs

The following result extends a result given in [Iv]. We give a supermagic labeling of a

graph which can be factorized into supermagic graphs. While in [Iv] all factors were

required to be regular, we allow one of the factors to be nonregular.

Theorem 8.13 Let G be graph. If G can be decomposed into an SPM factor F0 and

regular SPM factors F1, F2, . . . , Fn, then G has an SPM labeling.

Proof. The proof is similar to the proof of Theorem 8.1. Let G(V,E) be a graph

satisfying the conditions above. We denote the SPM labeling of F0 by λF0 and the

magic constant of λF0 by hF0 . F0 does not need to be regular. Then we denote the SPM

labeling of each ri-regular factor Fi by λFi
and the magic constant of each λFi

by hFi

for i = 1, 2, . . . , n. While e = |E| we define

b1 = |E(F0)|

bi = b1 +
i−1∑

j=1

|E(Fj)| = |E(F0)|+
1

2
v

i−1∑

j=1

rj

for i = 2, 3, . . . , n. We show that the labeling λ given by

λ(xy) =







λF0(xy) for xy ∈ E(F0)

λF1(xy) + b1 for xy ∈ E(F1)

λF2(xy) + b2 for xy ∈ E(F2)
...

λFn
(xy) + bn for xy ∈ E(Fn)

(31)

is an SPM labeling of G.

Again it is easy to observe that λ is a bijection to {1, 2, . . . , e}. The first |E(F0)|

labels are used to label the edges of F0. The next |E(F1)| labels are assigned to the edges

of F1. Similarly, based on the definition of bi different labels are used over the factors
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F2, F3, . . . , Fn. Since for i = 0, 1, . . . , n each of the labelings λFi
is an SPM labeling

with the magic constant hFi
, it follows from Theorem 3.9 that λ is an SPM labeling with

the magic constant

h = hF0 +

n∑

i=1

(hFi
+ ribi)

which using hFi
= 1

2ri(1 + |E(Fi)|) =
1
4ri(2 + vri) for j = 1, 2, . . . , n and the definition

of bi simplifies to

h = hF0 +
1

2

n∑

i=1

ri +
1

4
v

n∑

i=1

r2i +
n∑

i=1

ri



|E(F0)|+
1

2
v

i−1∑

j=1

rj





= hF0 +

(
1

2
+ |E(F0)|

) n∑

i=1

ri +
1

4
v





n∑

i=1

r2i + 2
n∑

i=1

i−1∑

j=1

rirj





= hF0 +

(
1

2
+ |E(F0)|

) n∑

i=1

ri +
1

4
v

(
n∑

i=1

ri

)2

.

It follows that λ is a supermagic labeling of G with the magic constant h = hF0 +
(
1
2 + |E(F0)|

)∑n
i=1 ri +

1
4v (
∑n

i=1 ri)
2. �

Examples of nonregular supermagic graphs can be found in [DIS].

We can find SPM labelings for certain compositions of graphs based on Theorem 8.13.

Theorem 8.14 Let G be a p-regular graph on 2m vertices which has a 1-factorization

and let H be an r-regular Class 1 SPM graph on n vertices where r is even and n ≥ 3.

If n is even or m is odd, then the composition G[H] has a supermagic labeling.

Proof. The proof is analogous to the proof of Theorem 8.9. We use the same notation

and the same decomposition into factors Fi for i = 1, 2, . . . , p.

According to the assumption H is an r-regular Class 1 graph where r is even. From

Theorem 6.4 follows that also nH has an SPM labeling λ0. We denote the magic constant

of λ0 by hλ0 . Moreover, from Theorem 6.4 it also follows that every Fi for i = 1, 2, . . . , p

has an SPM labeling (Kn,n is n-regular and Class 1, n ≥ 3).

From Theorem 8.13 follows that G[H] has an SPM labeling with the magic constant

h = hF0 +

(
1

2
+ |E(F0)|

) n∑

i=1

ri +
1

4
v

(
n∑

i=1

ri

)2

which using hF0 = 1
4r(2 + vr), |E(F0)| =

1
2vr,

∑n
i=1 ri = pn, and v = mn simplifies to

h =
1

4
r (2 +mnr) +

(
1

2
+

1

2
mnr

)

pn+
1

4
mn(pn)2

=
1

2
(r + pn) (1 +mn(r + pn)) .

�



8 FACTORS AND COMPOSITIONS OF GRAPHS 68

A theorem similar to Theorem 8.14 was published in [Iv].

Theorem 8.15 (J. Ivančo [Iv]) Let G1 be a regular graph on m vertices and G2 a

regular graph on n vertices such that

(1) n ≥ 3;

(2) mG2 is supermagic or totally disconnected;

(3) n ≡ 0 (mod 2) or n|E(G1)| ≡ 1 (mod 2).

Then G1[G2] is supermagic.

Even though many graphs satisfy both theorems, none of them is stronger. The com-

position C5[K3] is SPM according to Theorem 8.15 but it does not satisfy the conditions

of Theorem 8.14. On the other hand C6[K3] is SPM according to Theorem 8.14, see

Example 8.19, but it does not satisfy the conditions of Theorem 8.15.

Unlike by a VMT labeling the magic constant of an SPM labeling of a regular graph

G(V,E) depends only on the number of vertices |V | and the degree ∆(G). Thus various

SPM labeling of the same graph yield the same magic constant.

Example 8.16 Using the construction given in the proof of Theorem 8.14 we can find

an SPM labeling of C4[K4,4]. The factor F0 consists of 4K4,4, the factor F1 = 2K8,8 and

the factor F2 = 2K8,8. We can construct an SPM labelings for 4K4,4 and for 2K8,8 using

Theorem 6.4 since K4,4 and K8,8 have SPM labelings. The magic constant for m = 2,

n = 8, p = 2, and r = 4 is h = 1
2 · (4 + 2 · 8) · (1 + 2 · 8 · (4 + 2 · 8)) = 3210.

Note 8.17 If we try to relax some conditions of Theorem 8.14 similarly as in The-

orem 8.11, we realize that this is not possible. According to Theorem 6.5, if we need

an SPM labeling of 2mH, then the degree r of H must be even. Moreover, since every

factor Fi for i = 1, 2, . . . , p is mKn,n, must be either n even or m odd. Therefore, the

restrictions of Theorem 8.14 cannot be relaxed any more. Yet, this does not mean that

G[H] for m even and n odd does not have an SPM labeling.

From many classes of graphs which can be shown to have an SPM labeling using

Theorem 8.14 we picked one example. Compare the following corollary to the known

results mentioned in Table 1.2.

Corollary 8.18 Let m and n be integers such that m is odd or n is even and n ≥ 3,

then the composition C2m[Kn] has an SPM labeling.

Proof. The graph Kn has a “trivial” SPM labeling and a 1-factorization of C2m is

obvious. The statement follows from Theorem 8.14. �

Example 8.19 According to Corollary 8.18 C6[K3] has an SPM labeling. A 1-facto-

rization of C6 is at hand, see Figure 8.5. The edges of F1 are drawn in “thick”. The factor
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F0 is a null graph on 18 vertices. Based on the 1-factorization of C6 we decompose C6[K3]

into two factors F1 and F2, each consisting of three copies of K3,3. An SPM labeling of

K3,3 is in Figure 8.5. From Theorem 6.4 it follows that 3K3,3 also has an SPM labeling.

Using the labeling (31) we find an SPM labeling of C6[K3]. The magic constant for

m = 3, n = 3, p = 2, and r = 0 is h = 1
2 · (2 · 3) · (1+ 3 · 3 · (2 · 3)) = 165, see Figure 8.6.

q
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1

2

3
6

4

5

9

7

8

p

x6,k

x5,k x4,k

x3,k

x2,kx1,k

Figure 8.5: SPM labeling of K3,3 with the magic constant 15; a 1-factorization of C6.
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Figure 8.6: Supermagic labeling of C6[K3] with the magic constant h = 165.
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8.3 On VAMT labelings of graphs

For (s, d)-VAMT labelings we can give analogous results as for VMT or SPM labelings

in the previous sections.

Theorem 8.20 Let G be a graph with v vertices and e edges. If G can be decomposed

into an (s, d)-VAMT factor F0 and an r1-regular SPM factor F1, an r2-regular SPM fac-

tor F2, . . . , an rn-regular SPM factor Fn, then G has an (s+
(
1
2 + v + |E(F0)|

)∑n
i=1 ri+

1
4v (
∑n

i=1 ri)
2 , d)-VAMT labeling.

Proof. Again the proof is similar to the proof of Theorem 8.1. Let G(V,E) be a graph

satisfying the conditions above. We denote the (s, d)-VAMT labeling of F0 by λF0 .

Without loss of generality we can denote the vertices v1, v2, . . . , vv so that the weights

form an arithmetic progression

λF0(vi) = s+ (i− 1)d

for i = 1, 2, . . . , n. Notice that F0 does not need to be regular. Then we denote the SPM

labeling of each ri-regular factor Fi by λFi
and the magic constant of each λFi

by hFi

for i = 1, 2, . . . , n. While v = |V | and e = |E| we define

b1 = v + |E(F0)|

bi = b1 +
i−1∑

j=1

|E(Fj)| = v + |E(F0)|+
1

2
v

i−1∑

j=1

rj

for i = 2, 3, . . . , n. Consider the labeling λ given by

λ(x) = λF0(x) for x ∈ V

λ(xy) =







λF0(xy) + b1 for xy ∈ E(F0)

λF1(xy) + b2 for xy ∈ E(F1)
...

λFn
(xy) + bn for xy ∈ E(Fn).

(32)

It can be easily observed that λ is a bijection to {1, 2, . . . , v + e}.

Since for i = 1, . . . , n each of the labelings λFi
is an SPM labeling with the magic con-

stant hFi
, it follows from Theorem 3.9 that the weight of every vertex for i = 1, 2, . . . , n

is

wλ(vi) = s+ (i− 1)d+

n∑

i=1

(hFi
+ ribi)

which using similar steps as in the proof of Theorem 8.1 simplifies to

= s+ (i− 1)d+

(
1

2
+ v + |E(F0)|

) n∑

i=1

ri +
1

4
v

(
n∑

i=1

ri

)2

.
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So λ is an (s +
(
1
2 + v + |E(F0)|

)∑n
i=1 ri +

1
4v (
∑n

i=1 ri)
2 , d)-vertex antimagic total la-

beling of G. �

The following theorem covers the case when the nonregular factor F0 has an SPM

labeling instead of a VAMT labeling. As mentioned in Note 8.5 we can have nonregular

SPM graphs.

Theorem 8.21 Let G be a graph. If G can be decomposed into an SPM factor F0

with the magic constant hF0 , an r1-regular (s, d)-VAMT factor F1, an r2-regular SPM

factor F2, an r3-regular SPM factor F3, . . . , an rn-regular SPM factor Fn, then G has an

(hF0+s+ |E(F0)|(r1+1)+
(
1
2(1 + vr1) + v + |E(F0)|

)∑n
i=2 ri+

1
4v (
∑n

i=2 ri)
2 , d)-VAMT

labeling.

We omit the proof because it is just a modification of the proofs of Theorems 8.4

and 8.20.

Example 8.22 Using Theorem 8.20 we can find a vertex antimagic total labeling of

the graph G from Example 8.2 (a K8 without a perfect matching). G can be decomposed

into a 2-regular factor F0 = 2C4 and a 4-regular factor F1 = K4,4. Using Theorem 2.6

we construct a (26, 1)-VAMT labeling of F0, see Figure 8.7. An SPM labeling of F1

is given in Figure 1.6. Taking s = 26, v = 8, EF0 = 8, and r1 = 4 we get s′ =

26+ (1/2+ 8+ 8) · 4+ 1/4 · 8 · 42 = 124, thus we get a (124, 1)-VAMT labeling of G, see

Figure 8.7.

h
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8 7
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26 29
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Factor F0

n
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17
29 21
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28
30

32

22
20

18

24 19 27

23 31

Factor F1

Figure 8.7: A (124, 1)-vertex antimagic total labeling of G in two factors F0 = 2C4

and F1 = K4,4.

8.4 Remarks

The results in this chapter turned the problem of finding a VMT, SPM or a VAMT

labeling into a decomposition problem. If we decompose graph G into regular factors

(we allow one factor to be nonregular) which are known to have certain magic-type
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labeling (usually supermagic labeling), we can construct a magic-type labeling of G.

On the other hand it may be difficult to determine if a graph can be decomposed into

specific factors.

Magic-type labelings of compositions were given, since in this special case properties

of having a certain factorization are easily verified. Also some results given in Chapter 4

and Chapter 7 could be obtained as special cases of theorems from this chapter.

Even though some of the results were already published in [Iv], magic-type labelings

are presented in this chapter in a more general context. Often, based on one magic-

type labeling we construct other magic-type labelings or at least use common ideas in

constructions of various magic-type labelings.



9 Conclusion

Magic graph labelings are a natural extension of magic squares, a well known topic of

mathematical recreation. An introduction to certain magic-type labelings was given in

Chapter 1. For a detailed survey on graph labelings we refer to [Gal].

In this thesis we focus on three magic-type labelings: vertex magic total labelings

(VMT), supermagic labelings (SPM) and (s, d)-vertex antimagic total labelings (VAMT).

We try to keep a general point of view and show how constructions and common ideas

are applied to construct not just one, but several magic-type labelings. The organization

of topics into chapters which are dedicated to a certain method fulfills this approach.

Often one magic-type labeling of a graphG can be used to construct a different magic-

type labeling of G. In Chapter 2 we present a general construction of (s, 1)-VAMT and

(s, 2)-VAMT labelings of 2-regular graphs. These labelings are used to construct more

complex VMT labelings in Chapters 4 and 8. The notion of magic-type labelings was

generalized in Chapter 3 to prepare a tool used to extend a certain magic-type labeling

of a small graph to construct the same or a different magic-type labeling of a larger

graph. It is not without interest that a similar (in some sense complementary) approach

McQuillan used in [McQ] and [MS]. Several transformations are used for “meta proofs”

of constructions in later chapters. VMT labelings of several classes of Cartesian products

of regular graphs are given in Chapter 4. The magic labeling of G � H is often based

on magic-type labelings of G and/or H.

In the second part of the thesis the idea of Kotzig arrays is exploited to construct

several magic-type labelings. In [Wal2] Wallis introduced Kotzig arrays. The name

was given after an unpublished paper by Kotzig. Wallis used Kotzig arrays as a tool

how to “clone” VMT labelings of a graph G to obtain a VMT of nG. Kotzig arrays

proved to be useful, they allowed a uniform approach not only for VMT, but also for

SPM labelings. Even though some results for SPM labeling from Chapters 6 and 8 were

already published in [Iv], we gave a unified and simple construction for several magic-

type labeling always using a single labeling based on Kotzig arrays and we extended

some of the results from [Iv] also for nonregular graphs.

Among the most general methods for constructing magic-type labelings are methods

based on decompositions. In Chapter 8 we generalize some results on magic-type label-

ings of regular graphs from previous chapters, moreover we were able to give methods

of constructing VMT, SPM and VAMT labelings for certain nonregular graphs. VMT

and SPM labeling were found for compositions of certain regular graphs.

There is no necessary and sufficient condition known for a graph to have a VMT la-

belings, but a conjecture5 by MacDougall says that any regular graph with the exception

5About MacDougall’s conjecture is written in Chapter 8.

73



9 CONCLUSION 74

of K2 and 2K3 has a VMT labeling. All results in this thesis support the conjecture,

yet it seems that the proof of the conjecture is a difficult problem. We do not have a

general construction even for 2-regular graphs.

Kotzig arrays and graph decompositions into certain regular graphs play a crucial

role in most of the constructions in this thesis. Yet these methods have their limits and

thus more different methods are needed. We present some open problems which seem

to be beyond limits of the methods presented in this thesis.

Open problems

Problem 1 Find a VMT labeling of C2m � C2n.

Problem 2 Find a VMT labeling of a 2-regular graph other than nCm.

Problem 3 Are there other general methods besides decompositions and Kotzig arrays

for finding magic-type labelings of large graphs using magic-type labelings of small

graphs?
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[FKK3] D. Fronček, P. Kovář, and T. Kovářová, Vertex magic total labeling of products

of cycles, accepted for publication. (Australasian Journal of Combinatorics)

[Gal] J. A. Gallian, A dynamic survey of graph labeling, The Electronic Journal of

Combinatorics, DS 6 (2003).
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