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� â(qÓâ(q � ¼e� ��v����y��(v�}��E§(�z�~´��{vx¥ny{����r q¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ã&�
� â(qÓâ(q ��¼e� ��v�¢®x�~�& ª}�® J§��z�~´(��vx¥Wy�����rD}�����â~r¦Ô ¸º��¥�§¢}��zy�w��~�Ë��¤�»N×Hu�� Æ�rAo>¸

w��~�{��vx��´&�4É,v�� z�~�'Æ��{y���v³¥�vÀ �p�� ��}�����uB»N×Hu�� Æ � ´&�e¾�¼eÜA½ �E× qtq¶q ã.-
� â(qÓÙþ¼�»N×Hu�� Æ�rAo q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q � �~�

� â(q Ù�q � ¼e� ��v����y��(v�}��E§(�z�~´��{vx¥ q¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q � �~�
� â(q Ù�q ��¼e� ��v��®x�~�& ª}�® ,§��z��´���v¥ q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q � �~â

ê²ô^�tï5ì)ò&ø¬ñ)ý�ó°ïFì êJ;Ñô
_ ó°û*ø¬ó°ï&�5îÞù�ú`�a�

�
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� q � u)�J�c¥�� ��v�)§(�z�~´��{vx¥6wEÆE®�'v�z®xy¯�~vË}�����w�vx¥6y�®x� vx��®xy¯�~v�«5wz�����( zy��~��w,�~´( �}�y��(vx��´&�
®x�~�(¤°���z¥6y�����}��(�e������®x�~�'¤°�~�z¥6y����
»N×���y{wz®x��v zy�·�}Û �y�����w�q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q � ã

� q � }&ä³¼e� ��vx�N§(�z�~´��{vx¥ ��¤� ��º��´5�'��y{vxw«�´Ñä� �p(vË��vx®�~¥�§5�~w�vx�Î§��z��´���v¥Òy��& z�3wz��´ Æ
���~¥�}�y���w qtq¡q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ���

� qsâ u�p�vtw��~���' �y�����wE��¤*��vx®�~¥6§F�~w�vx��¥�� ��v��§��z��´���v¥�w���w�y�����®�~�(¤°�~��¥�y{����»N× q¶q ���
Ù(q � }&ä>r�y�wz®�zvÀ �y�·vx��¥�� ��vx�¢§(�z�~´��{vx¥I��¤� ��J�¦´5�'��y{vxw« ´¢äH zp�v��(vx®x��¥�§5�~wzv�Í§����~´��{vx¥

y��& ���wz�(´F����¥Í}�y{��w�q¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ��â
Ù(q � É��~��§5vx�(v ��z}� �y{�~�4®x�~�(��y{ zy��~��wE¤°���B}&äº®x�~�(§���v³��¤*��� ��vxw,´ÑäJ¤°�~�(��®x�~����vx�B��� ��vxw<q �~ß
Ù(qsâ }&äN×BR�}�¥�§��{vE��¤F���~��®�~�(¤°�~��¥�y{���³rArD´ÑäN¾ �~���( zy��~�Ë��¤Fw�vx¥6y�®�'v®xy{��v�§��z��´���v¥ ¤°�~�

���~��®�~�(¤°�~��¥�y{���Ë¥�vwzp�vw
f(x, y) = −2,

¤°�~�
(x, y) ∈ (0, 1) × [0.75, 1)

qtq¡q¶q ��Ø
Ù(qÓÙ ��r y��& �v��¤Á}�®v³}����3 zvxwL E¤°����®À �y�����wJÆH®�È}�w�wzy{®�}��5¥����� ª}��zwE}����c��v��´�y{�~�� zp��~�~���¢}��

¥��~�L ª}���w qtq¡q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q �~�
Ù(q ß â~ray��& �v��¤Á}�®v�}����¶§�y�v®xvÀ�By�wzvH´(y���y{��v�}��F����}��~´¢}�w�y�w� zvxw� �¤°�(��® zy��~��w�Æ¢��v�Ä´�y��~�L �p�����Æ

�~�¢}���¥6�~�� �}��zw¡q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q �H-
Ù(qsØ r�y���y�®ªp��{v �´5�~�����¢}����%®x������y{ zy��~�(w
¤°�~�Ë®x� vx��®xy{��ve§(�z�~´��{vx¥ y{��®x���z§5�~��}� zvx�%y��K}&ä

w� �yTc��(vxwzw¶¥�}� ���yTR
K

}����<��vx®À ��~�¶��¤>¤°�~�z®vxw
f
«�´ÑäA¥Í}� z�zydRe�By¯ �pÎvx±²�¢}���y{ ���®x�~� Æ

w� ��z}�y��& zw
BD

q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ��ã
Ù(q � o���y�¥�}����³o�§(�z�~´��{vx¥ qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q â~�
ß q � ¼�}�y��4y{��v�}�wB��¤1�³o>¼�o>Ú¡o q¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q â&�
Ø'q � »N×Hu�� Æ � ¥�vÀ �p�� �c�By{ �p4®�~�(¤°�~��¥�y{���Ë}��������~�(®x�~�(¤°���z¥6y�����»N× qtq¡qtq¡q¡qtq¶q â.-
Ø'q � ×1R(}�¥6§��{vE��¤5wz§5vx®À ��z�(¥@��y{w� ���y�´��' �y�����wÖ��¤F�,vxwzw�yÈ}��(w,á

h = 1/8, H = 1/2, ρ = 103 ä�Ù �
Ø'qsâ ¼evxw�p�}�����wz�(´F����¥Í}�y{�c§¢}��z}�¥�vÀ �v�zw qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q Ù �
-'q � ����®x�~���zv® t»N×Hu�� Æ�rAoD¤°�~�A®�'v�z®xy¯�~v�}��(��wzvx¥6y�®�'v�z®y{�~vË§(�z�~´��{vx¥ �By{ zp�®x�~����vx��w

�~�� zp�v¶®x�~�& �}�® ,·x����vAÆ>·x� �~¥�v�¦à���¥�§(w�y��4wz�~�{�( �y{�~� q¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ß~�
-'q � »N×Hu�� Æ�rAo��By¯ �p4®ªp¢}�����y�����¥6vxwzp(vxw,��¤Ö®�~�z�(vx�zw,}��(��½O}��~�z}����~v³¥¦���{ zy�§��{y�vx��wÍq¶q ß�â
-'qsâ ¼e�'�(y{£¢®x}� �y{�~�c��¤Ö»N×Hu�� Æ�rAo��By¯ �p4®x�~����vx��wB�~�e®�~�& ª}�®À ,·x�~��v³¤°�~��¥6�~�L ª}���»Ö×Åq ß~ß
� �(q � }&äB��rj¥�� ��vx��§��z�~´(��vx¥ ´ÑäEwz�~�{�( �y{�~�c��¤) �p�y{w�§��z��´���v¥ q¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q Ø~â
� �(q �¿r�vx®�~¥�§5�~w�y{ �y{�~�4}�������y{wz®x��v zy�·�}Û �y����c��¤* zp�vt��r ¥�� ��vx��§��z�~´(��vx¥ q¡qtq¡q¡qtq¶q Ø&ß
� �(qsâ�}&äEu�p�v¶y���vx}���¤Ö�~��y��~y{�¢}��F»N×Hu�� Æ � ´ÑäJ �p(v¡y{��v�}Ë��¤*uB»N×Hu�� Æ � q¡qtq¡qtq¡q¡qtq¶q Ø&ß

-



� �(qÓÙþ��rI¥�� ��v�*®�~�& ª}�®À ³§��z��´���v¥ ��¤>ØÍ�zv® ª}����~��vw�Æ�®�~�(¤°�~��¥�y{���6��vx®�~¥�§5�~w�y{ �y{�~��w
}��������'��}�����y{wz®x��v zy�·�}Û �y�����«(y¯ �w�wz�����( zy��~� qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q Ø~Ø

� �(q ß¿â~r¹¥�� ��vx�)§����~´���v¥M��¤E�6´��zy{®ª� w�Æ�®x�~�(¤°���z¥6y����Í}��������~�(®x�~�(¤°���z¥6y�������vx®�~¥�Æ
§F�~w�y{ zy��~��w«���� �¢}���}����4¥��~�L ª}����(y�wz®�zvÀ �y�·x}� �y{�~��w«�}�����wz�����( zy��~��w q¡qtq¡q¡qtq¶q Ø&�

��� q � �������(w� ��z}� �y{�~�3��¤H¼�»N×Hu�� Æ�r�o�¥�vÀ �p�� �3Æ>wz��´5���~¥�}�y{��wx«�w��~���' �y�����w��~�c �p���vxv¶��vÀ�~v��w�� �
��� q �¿×1R(}�¥6§��{v³��¤Ö®�~����wzv¶ �p����~���~pc �p(�zvxv¡��vÀ�~v��wµq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q � �
��� qsâ¿�������(w� ��z}� �y{�~����¤J¼�»N×Hu�� Æ�rAo�¤°�~��®�~�& ª}�®À ¶®x� vx�z®y{��v
¥�� ��v�Ö§����~´���v¥nÆBwz��´5����Æ

¥Í}�y{��wx«(wz�~�{�( �y{�~��wE�~��´5�� �p4��vÀ�~v��wx«
H1 = 1/4, h1 = 1/8,H2 = 1/2, h2 = 1/2

�~�
��� qÓÙ��������(w� ��z}� �y{�~����¤J¼�»N×Hu�� Æ�rAo�¤°�~��®�~�& ª}�®À ¶®x� vx�z®y{��v
¥�� ��v�Ö§����~´���v¥nÆBwz��´5����Æ

¥Í}�y{��wx«(wz�~�{�( �y{�~��wE�~��´5�� �p4��vÀ�~v��wx«
H1 = 1/8, h1 = 1/32,H2 = 1/6, h2 = 1/6

��â
� �'q � F³���&}���y{·�}� zy��~�c��¤* zp�v¡o>×Hu,¾'®¡��y{´���}���� q¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ��Ø
� �'q �¿×1R(}�¥6§��{v³��¤Ö��}� ª}���y�wL ���y�´��( zy��~�Í�Þ��vx�,Ù�§��z� ®xvwzwz���zw q¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q �~�
� �'qsâ¿���² zvx��§��z� ®xvwzwz����®x��¥�¥
�(��y�®x}� �y{�~�Í�By{ zp4�¢}� ª}
 z��}���wL¤°vx�B��¤) �� §Fv

d·e
q¡qtq¡qtq¶q �~�

� �'qÓÙ����² zvx��§��z� ®xvwzwz����®x��¥�¥
�(��y�®x}� �y{�~�Í�By{ zp4�¢}� ª}
 z��}���wL¤°vx�B��¤) �� §Fv
b·c

q¡qtq¡qtq¶q �H-
� â(q � }&ä*o*}���}��{��v�&wz®�}��È}�´�y{��y¯ ��~«Þ´Ñä�� �(¥�v�zy�®x}��²wz®x}��È}�´(y���y¯ ��~«Þ®ÌäO�~§( zy�¥�}���y¯ �����¤Ñ�(�¢}��²§Fv�¢}��¯ ��L-&�
� â(q �¿É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ��\q¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q -.-
� â(qsâ�É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ���¤°�~�B»N×Hu�� Æ�rAo¿Æ>®�~�(¤°�~��¥�y{���Ë»N× qtq¡q¡qtq¡qtq¡q¡qtq¶q ã&�
� â(qÓÙZÉ���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ���¤°�~�B»N×Hu�� Æ�rAo¿Æ>¥6�~�L ª}���»Ö× q¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ã~â
� â(q ß¿É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ �y{vxw�¤°�~�B»N×Hu�� Æ � }����4uB»N×Hu�� Æ � q¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ã&�
� â(qsØZ��r¹¥�� ��vx�)®x���² �}�® ¶§(�z�~´��{vx¥nÆB®�~�(¤°�~��¥�y{���Í��v®x�~¥6§5�~wzy¯ �y�����wA}��(�����'��}��Ö��y{wLÆ

®x�zvÀ �y{·�}� zy��~��w q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ã~ã
� â(q �¿â~r¹¥�� ��vx�)®x���² �}�® ¶§(�z�~´��{vx¥nÆB®�~�(¤°�~��¥�y{���Í��v®x�~¥6§5�~wzy¯ �y�����wA}��(�����'��}��Ö��y{wLÆ

®x�zvÀ �y{·�}� zy��~��w q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ã~ã
� â(qe-�É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ��6��¤H¼e»N×Hu�� Æ�rAoZ®�~�z��vxwz§5�~���(y����Ë ��6u*}�´���vw � â(qs� � « � â(q ��� � �&�
� â(qsã�É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ��6��¤H¼e»N×Hu�� Æ�rAoZ®�~�z��vxwz§5�~���(y����Ë ��6u*}�´���vw � â(qs��â(« � â(q �ÛÙ � �&�

ã
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� â(q � oÖ}��z}����{vx�Öw�®�}���}�´�y{��y{ ��c¤°���Awzv¥�y{®x� vx�xqt§��z��´���v¥M�By{ zp�§��zy{¥eq¡��y{¥\ß�Ù~�.-~�~�(«����¢}��
��y�¥�q � Ù&ã&�~ß'«����~�( xqÖy¯ �vx��wx«²ß�â�®x�³y¯ �vx��wx« � �H-Awz��´5���~¥�}�y{��wÖ��w�y����A½O��¥��~�(��«

ρ = 103 -~Ø
� â(q �¿É���¥6vx��y�®�}��(wz®x}��È}�´�y��{y{ ��>�³o>¼�o>Ú¡o�Æ���§�§5vx�H���Ì���~y¯�~vwN§��zy{¥eq)��y{¥eq Ý ���¢}��'��y{¥eq¯«

ρ = 103 «��²��¥
´5vx�By��4�{�Þ�Jvx�B���Þ���~y{��vxw�¸�ÚWy¯ �vx��wxqN¤°�~����y{�~v�
H/h

q¡qtq¡qtq¶q -&�
� â(qsâQF³§' �y�¥�}��{y{ ��6��¤*���¢}���§5vx�¢}��{ �� q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q -&�
� â(qÓÙZ½)}��z�~v¶§����~´���v¥�wº��wzy{���3¾(Ú¶�fFA�zy���y��3´&�4ÜA½�Ü�oJ¸Iq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q -.-
� â(q ß¿É���¥6vx��y�®�}��&wz®�}��È}�´�y{��y¯ ���¤°�~�OÜA½�Ü�oJ¸>Æ���§�§5vx�)�z�Ì�a�~y¯�~vwÖ§���y�¥�q)�(y�¥�q Ý �(�¢}��~��y{¥eq¯«

ρ0 = 10
«��²��¥¦´Fv�,y{�4���Ì�ºv�B�z�Ì� �~y¯�~vw�¸�Ú y{ �v�zwq�qtq¡q¶qtq¡qtq¡q¡qtq¡qtq¡q¡q¡q -.-

� â(qsØZ¸º�~¥�§�}��zy{wz�~�¿��¤
λ0, S « λ0, STS « λ0, STSTS }����Zy{¥�§¢}�® ���¤

ρ0
}����

M g h = 1/128
«

H = 1/4
«�§��zy{¥eqÖ��y�¥�qHâ�Ù%-�Ù%-(«(�(�¢}�����y{¥eq � Ø~ã&ß qtq¡q¶qtq¡qtq¡q¡qtq¡qtq¡q¡q¡q -~ã

� â(q ��¸º�~¥�§�}��zy{wz�~�Z��¤¶§��z�Ûà�v® zvx��«,§��z�Þà�vx® zvx�'Æ.§��zv®x�~�(��y{ zy��~��v�Z�~v�zwzy{�~�þ¤°�~�Í��vx�~�(�È}��
��vx®�~¥�§5�~w�y{ �y{�~�

H = Hx = Hy

�By{ zpe§�}���}�¥6v zvx��w
M = 10, ρ0 = 103,Γ = 1

-~ã
� â(qe-�É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ��5ÔNr�y{wz®x��v zy�·�}Û �y����c®x�~���zvxw�§F������y��(�6 z��»*y��~����v¶��}$q¡qtq¶q ã~�
� â(qsã�É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ��5ÔNr�y{wz®x��v zy�·�}Û �y����c®x�~���zvxw�§F������y��(�6 z��»*y��~����v¶��´;q¡qtq¶q ã~�
� â(q � �&É���¥6vx��y�®�}��>w�®�}���}�´�y{��y{ ��5Ô¦r�y�w�®x�zvÀ �y{·�}� zy��~�<®x�~���zvwz§5�~����y{���� ���»Öy��~�(�zv���®�«Ö®x� vx�LÆ

®xy{��v¶§��z�~´(��vx¥PK ®x���(¤°�~�z¥6y��(��»N× q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ã �
� â(q ��� É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ��5ÔÖwzv¥�y{®x� vx��®xy{��v³§��z��´���v¥hK ®�~�(¤°�~��¥�y{����»N× q¡q¡qtq¶q ã �
� â(q � �~É���¥6vx��y�®�}���wz®x}��È}�´(y���y¯ ��5ÔÖ®x� vx��®xy¯�~v¶§��z��´���v¥PKW¥6�~�� �}���»N× q¡q¡qtq¡qtq¡q¡qtq¶q ã&�
� â(q � â&É���¥6vx��y�®�}��Nwz®x}��È}�´(y���y¯ ��5ÔAwzv¥�y{®x� vx�z®y{��v6§(�z�~´��{vx¥iK8¥��~�L ª}��A»N×�«)�(�~��¥6�~�� �}��zw

�~�
Γ1
c

qtq¡qtq¡q¶qtq¡q¡qtq¡qtq¡q¡qtq¶q¡qtq¡qtq¡q¡qtq¡qtq¶q¡qtq¡q¡qtq¡qtq¡q¡qtq¶q ã&�
� â(q � Ù²É���¥6vx��y�®�}��>w�®�}���}�´�y{��y{ ���¤°�~�¡®x� vx��®xy{��v�¥6�~�L ª}��¡»N× Æ����~��¥Í}���y�·vx��� wxq4���~�(���~�LÆ

¥Í}��{y�·vx�
BI
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Ýµ¤°�~�¦¤Á}�® ����zwË}��(�Kw��~���' �y����å��¤,®x�&}��zwzvc§(�z�~´��{vx¥ ´&�Ä¤°�~��Æ
�E}��z� Ý ´�}�®ª�&�E}����ew���´�wL �y{ z�( �y{�~��qNu�p(v³´¢}�wzy{®Ay��(v�}¦y{wE}
�¢}� z����}���}�§�§(��y�®x}� �y{�~�6��¤)¥
���{ zy��~��y��
¥�vÀ �p�� ��w«�y q v�q��zvx®���zw�y{��v�}�§�§���y{®�}� zy��~����¤>»N×Hu�� Æ�rAoD z�3 �p�v¦®x�&}���wzv
§(�z�~´��{vx¥�qAu�p�vËy{¥�Æ
§���v¥�v�& ª}� zy��~�å��¤�»Ö×�u�� Æ�rAo@}����~�~��y{ zp�¥$¤°�~�¦��}��zy�}� �y{�~�¢}���y{��vx±²�¢}��{y{ zy�vxwty�w
®�~¥6§���y{®�}� zvx��«
´��( ¦¥
��®ªpå¥6�~�zv6®x��¥�§��{y�®x}� �v�Ãy{w¡ zp¢}� t��¤�¼�»N×Hu�� Æ�r�o*qÖu�p(vÍy�¥6§��{vx¥6vx�& ª}� zy��~�Î��¤º �p�y{w
¥�vÀ �p�� ���º}�w¶®�}����zy{vx���~�( A�����zy{���c¥¦�ew� �}Ì��y��M�º��������v�x«�y{��®x�{����y{���� zp�vË�²��¥�v�zy{®�}��*v�R²Æ
§Fv�zy{¥�v�² zw>�By¯ �p�®x�~¥6§¢}���y�wz���Í��¤�£���y{ zv�}��(�3y{ zvx��}Û �y{��v�w��~���' �y�������¤�®x�&}���wzv�§��z�~´(��vx¥6wJ}����
y���v3R(}�® �w��~���( zy��~�¦��¤�®�&}���wzv�§����~´���v¥�wÖ�~�Ë �p�v�w�vx®x�����Í�{v�~v�(�By{ zp�¸�Ú ¥�vÀ �p�� �Ëy��Ëw�y�¥6§���v
Ï�Æ.®� ®x�{vA¤°�~��´F�� �p�«¢�{y���vx}���}����4®�~�& ª}�®À �§(�z�~´��{vx¥6wxq
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æ f$U bMd�X�h à

[0Y\XZk `a[I_�deUW`Ãd b$h�[@T;k�X�] V UW_$Y Y\[I] UW^�_
Y\XZ`a[I] b [IVc^5de^�[@_

���� �p�y{wA®ªp¢}�§( zvx�A ��J�c��}��zyÈ}Û �y����¢}���y��(vx±²�¢}��{y{ ���¥�� ��v�Ö§����~´���v¥�w�}��zv¦y��& ����'���(®xvx��«��Bp�y�®ªpÎw�p¢}����
wzy�¥6§��{y{¤ÿ�c �p(vËv�R'§F��wzy{ zy��~��}����Î�zv§��zvwzvx�& ¡§����~´���v¥�w�¤°�~�A�²��¥6vx�zy{®�}��*v�R'§5vx�zy{¥�v�& �w6áÁw�vxv�»Öy{�~����v
�'q � äÀq

u�p(vxwzvÄ§��z�~´(��vx¥6w�}��zy{wzy{���a¤°�z�~¥ ��}���yÈ}� zy��~�¢}���¤°�~�z¥¦���È}� zy��~�þ��¤
§����~´���v¥ �By{ zp�y��(vx±²�¢}��{y{ ��
´F�~�(���¢}��L�c®x�~�(��y{ zy��~��wº�zv�}���ÔH£¢����wz�kÜ6®xy{vx�& ��¯�cwz¥6� �� �p

u(x, y)
w��6 zp¢}� 

−4u = f
y��

Ω = Ω1 ∪ Ω2 á¬�'q � ä

ui = 0
�~�

Γiu, i = 1, 2
á �'qs�~ä

∂ui

∂ni
= 0

�~�
Γif , i = 1, 2

á �'qÓâ&ä

u2 − u1 ≥ 0
���

Γc = Γ1
c = Γ2

c

á¬�'qÓÙ&ä
∂u2

∂n2
≥ 0

�~�
Γc

á¬�'q ß�ä

∂u2

∂n2

(u2 − u1) = 0
�~�

Γc
á¬�'qsØ~ä

∂u1

∂n1
+
∂u2

∂n2
= 0

�~�
Γc

á¬�'q ��ä
p�vx��v

Ω1 = (0, 1) × (0, 1),Ω2 = (1, 2) × (0, 1)
«���vx�(�� �v4�~§5vx�%���~¥�}�y{��w¦�By{ zp%´F�~�(���¢}���y�vxw

Γ1,Γ2 }����Í zp�vxy{�J§�}��� zw
Γ1
u,Γ

i
f ,Γ

i
c

«²¤°�~�z¥6vx��´²�6 �p(v�wzy{��vxwJ��¤
Ωi, i = 1, 2

« }����
nk(x, y)

��vx���� �v
®x�~¥6§F����vx�& �w���¤A zp�v��~�' �vx������y¯ Í�����z¥�}��B}� 

(x, y) ∈ Γi
q�»Ñ���6 zp�v�w�vx¥6y�®x� vx��®xy¯�~v�§(�z�~´��{vx¥

Γ2
u = ∅.u�p(v,w��~���' �y����

u(x, y)
®x}���´FvBy��& zvx�z§(�zv zvx�6}�w>}��~v�� zy�®�}��¢��y�w�§��È}�®vx¥6vx�& H��¤5 ��J�¡¥6vx¥¦´���}��(vxw

w� ���v z®ªp�vx�Î´&�������z¥�}���y{·xvx��p��~��y�·�~�& ª}��O¤°�~�z®vxw³}�����§��zvwzw�vx�Î ��~�~vÀ �p�v��´&����vx�L �y�®x}��*¤°���z®xvw��By{ zp
��vx��w�y{ ��

f(x, y)
q*Â,v�È}� zy��~�Íá �'q � äOy�wÖv���{y�§( zy�®�vx±²�¢}� zy��~��«¢á � q �~äOy�w*´F�~�(���¢}��L�¦®�~����y¯ �y����¦��¤5r�y{�zy{®ªp'Æ

��v ¡ �� §Fv�«,á �'qÓâ&ä¶y�w¡´F�~�(���¢}��L�Ä®�~����y¯ �y����Ã��¤,É,vx��¥�}����Ã ��'§5v�«,á¬�'q Ù²ä¶�(vxwz®�zy{´Fvw
 �p�v����~��§5vx��vÇÆ
 ���}Û �y�������¤H zp�v
}��Þàz}�®xv�² Avx���~vw³��¤H �p(v
¥�v¥
´��z}���vxw«F�By¯ �p� zp�v
vx�(�~v
��¤H zp�v¦��y��~p& A¥6vx¥¦´���}��(v
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f(x, y) =





−1 ádâ�ã (x, y) ∈ (0, 1) × [0.75, 1)
0 ádâ�ã (x, y) ∈ (0, 1) × [0, 0.75)ä3å8æ (x, y) ∈ (1, 2) × [0.25, 1)
−3 ádâ�ã (x, y) ∈ (1, 2) × [0, 0.25)

f(x, y) =





−3 ádâ�ã (x, y) ∈ (0, 1) × [0.75, 1)
0 ádâ�ã (x, y) ∈ (0, 1)× [0, 0.75)ä3å8æ (x, y) ∈ (1, 2) × [0.25, 1)
−1 ádâ�ã (x, y) ∈ (1, 2) × [0, 0.25)
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}�´F�Ì��v� zp�v6vx���~v���¤> �p(v��{v¤ÿ ¶¥6vx¥
´��z}���v�«>á �'qsß~äAv�R'§���vxwzw�vxw«Ö �p¢}Û t��y��~p& ¶¥6vx¥
´(��}���vË®x}��<§��zvwzw
 �p�v¡��vÀ¤ÿ ��~�(vt���Ì�B��}Û � zp�vt®�~�& ª}�®À A§5�~y��& zwx«*á �'qÓØ&ä.ÆÀá � q �~äº�(v£¢��v¦§F�~y{�& �wx«¢ zp¢}� �}��zv¡y���®x�~�& �}�® ,Æ
y{¤� �p�v�zv6y�w³����®x���² �}�® t}� 

(x, y) ∈ Γc
«)y q v�q

u2(x, y) > u1(x, y)
«� �p(vx�Ã zp�v�¥�v¥
´��z}���vxw¶}��zv

w� ���v z®ªp�vx�e´²�c zp�v¶p��~��y�·x���² �}��F¤°���z®xv¶y{�4 zp�v¶w�}�¥6vA�º}Ì��}�w�}Û 
(x, y) ∈ Γif

q
} ´

Ω1 Ω2

Ω Ω

Ω Ω Ω

ΩΩ1, 1 2, 1

Ω1,p1, 2

1,...

2, 2

2,...

1 2,p2

»Öy��~�(�zvË� q �'Ô�}&ä³¼e� ��vx�Ö§��z�~´(��vx¥ ��¤� ��J��´5� ��y�vwx«�´Ñä, zp�vË��v®x�~¥6§F��wzvx�Î§����~´��{vx¥Òy{�& ��3w���´F�(��Æ
¥Í}�y{��w

Ü�w¶¥�v�² zy��~�(vx��«� zp�v�¥���w� ³v�c�v® �y¯�~v�¥6v �p(�'��¤°�~��wz�~�{�( �y{�~��y�wA´�}�wzv�Ã�~�<}��<}��<R(y{��y�}����4��vÇÆ
®x�~¥6§F��wzy{ zy��~����¤O �p�vwzv³ ��J������¥Í}�y{��wºy{�& ��Ëwz�(´F����¥Í}�y{��wx«(y q v�qN��v®x�~¥6§5�~wzy¯ �y����3��¤*v�}�®ªp4���~¥�}�y{�
Ωi y��& �� pi wz��´5���~¥�}�y��(w

Ωi, j, j = 1, ..., pi
«���� �~�²y��(��¤°�~�� zp�v
�~v�� zy�®�}��Ö��y{wz§���}�®xv¥�v�² zwA��¤>wz�(´'Æ

���~¥�}�y���w¦w�}� zy�w�¤ÿ� y{���Î}�´5�Þ��ve�(vxwz®�zy{´Fv�¿®�~����y¯ �y�����w
y��(®x���(��y����Î}�����y{ zy��~��}��J������y{����®x������y{ zy��~�(w
�~�Ä}���R'y���y�}����ey��& zvx��¤Á}�®xvxw«Ö}�w¡y{���{��w� z��}� zvx�Îy��<»Öy{�~���zv6� q �'q6u�p�v6��vx®�~¥6§F�~w�vx�Ãwz�~�{�( �y{�~��w¶}���v6y{�
»Öy��~�(�zv¦�'qsâ�}�����¥6�~�zv¡��vÀ ª}�y{��w�}��zvt��vxw�®x�zy{´Fv��y���¤°�~���{�Þ�By{����®ªp¢}�§( zvx��wxq³u�p�v
v�Ü6®xy�v��®�e��y{vxw��~�
 �p�v¡¤Á}�® x«F �p�}� Avx}�®ªpÎ§��z� ®xvwzwz���A��¤N zp�v
§¢}��z}����{vx�O®x��¥�§��' �vx����v�}���w��By¯ �p���}� ª}3}�wzwz� ®xy�}� �v���By{ zp
wzvx§�}���}� zvx�¿wz��´5���~¥�}�y��(w
�By{ �pK¥6y���y{¥
��¥ ��¤�y{�& �vx��§��z� ®xvwzw��~��®�~¥6¥
����y{®�}� zy��~��«H¥6�~��v��(v ª}�y���w
}��zv³��y{wz®��wzw�vx��y{��¾'vx®À �y���� � � q �'q
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æ f$U bMd�X�h ç

æ [@_�de^�_nm\[@m$V g�[@he] m$k�Ujd�^�[I_$V

èxé�ê ëLì�í�î ï�í�ð7ì>ð¬ñAò ì³ó1ô ð7õ�ö³î ï�ì�í ì½òNô ì¤÷7ø¼õYù7óBì½ú�õ�ø´ô
u*�K��vx��y{��v< zp�v<��}���yÈ}� zy��~��}���y{��vx±²�¢}��{y{ ���«��Bp��~w�vÃw�¥�� �� zp w��~���( zy��~�þwz}� �y{w�£¢vwåá¬�'q � ä�ÆÇá �'qs�~äÀ«���vÀ 
H1(Ωi)

��vx���� �v¦¾'�~´5�~��vÀ�3wz§�}�®xv¡��¤Ö£��zw� ,�~����vx�B�~�4 �p(v¡w�§¢}�®v
L2(Ωi)

��¤Ö zp�v³¤°����® zy��~�(w,���
Ωi «�Bp��~wzvËw�±²�¢}��zvw¦}��zv
y{�² zvx�~�z}�´��{v¦y��� zp�v�½�vx´5vxw��~��v�wzv��®xv�q
u�p�vx�

f ∈ H1(Ωi)
yUcå´5�� zp

f
}����

y{ �wE£��zw� ,��v�zy¯��}Û �vxw�´5vx�{�~���Ë ��
L2(Ωi)

q
½�vÀ �w,��v£¢�(vt¤°�~�{���Ì�By����¦�zvx±²��y{wzy¯ �y�vwxÔ

V i = {v ∈ H1(Ωi) : vi = 0
�~�

Γiu} ⊆ H1(Ωi), i =
1, 2

��v���� �vw) zp�v�®x�{�~wzv�tw���´�wz§�}�®xvJ��¤
H1(Ωi)

«
V = V 1×V 2 ��v���� �vw) zp�v�®x�{�~wzv�¦wz�(´�wz§¢}�®xvJ}����

K = {(v1, v2) ∈ V : v2 − v1 ≥ 0
�~�

Γc}
®x����wzvx�6®x���²��v�R�wz�(´�wzvÀ º��¤

H = H1(Ω1)×H1(Ω2)
q

F³�
H

��v zw���v£���v¦}ËwL�'¥6¥6v ���y�®³´�y{��y{��v�}��>¤°�~�z¥

a(u, v) =
2∑

i=1

∫

Ωi

(
∂ui

∂x

∂vi

∂x
+
∂ui

∂y

∂vi

∂y

)
dΩ

}�����}6�{y���vx}��º¤°�~��¥
`(v) =

2∑

i=1

∫

Ωi

f ivi dΩ.

½�vÀ 
u
��vx�(�� �v,}³wz¥6�'�� �p�wz�~�{�( �y{�~�Ë��¤Ná �'q � ä.ÆÀá � q �~äÇq*Ü,¤ÿ �v�>¥¦���{ zy�§��{y�®�}Û �y����t��¤Ná � q � äÖ´&�

v ∈ V}�����}�§�§��{y�®x}� �y{�~�3��¤) �p�vtÚ³�zvvx�4 �p�v�~�zv¥0}�������wzy{�����zv�È}� zy��~��w³á �'qs�~ä�ÆÇá �'qÓâ&ä>�Jv¡�~´( ª}�y��

a(u, v) − `(v) =

∫

Γc

{
∂u1

∂n1
v1 +

∂u2

∂n2
v2

}
dΓ

}����c¤°�~�
v = w − u

«
w ∈ K

a(u, w− u) − `(w − u) =

∫

Γc

{
∂u1

∂n1
(w1 − u1) +

∂u2

∂n2
(w2 − u2)

}
dΓ.

áÁâ(q � ä

ÜE , zp�v¶§F��y��& �w���¤
Γc

�By¯ �p
u1 < u2  zp�vx��v¡y{w³«¢����v³ ��eá¬�'qsØ~ä�ÆÀá¬�'qs�~ä

∂u1

∂n1
=
∂u2

∂n2
= 0,

áÁâ(qs�~ä

� �



wz�¦ zp¢}� º zp�vAy{�² zvx�~�z}�����y��ÎáÁâ(q � äH��}���y{wzp�vw�}� ºwz��®ªpc§5�~y��& zwxqNÜE E zp�v�§5�~y{�² zwº��¤
Γc

�By¯ �p
u1 = u2 �p�v�zv¶y�w³«¢���(v¶ z�eá �'qsß~äE}����Äá � q �~ä

∂u1

∂n1

(w1 − u1) +
∂u2

∂n2

(w2 − u2) =
∂u1

∂n1

w1 +
∂u2

∂n2

w2 =
∂u2

∂n2

(w2 − w1) ≥ 0.
áÁâ(qÓâ&ä

u�p�vEy��& zvx�~�z}��'y{�4á¬â'q � äOy�w*���~����v�&}� zy{�~vJ¤°�~�N}��&�
w ∈ K

}����
 �p(vEwz�~�{�( �y{�~�
u
��¤Ñ§(�z�~´��{vx¥ ��vÀ£¢��vx�

´²�3�zvx��}� �y{�~��w¶á¬�'q � ä�ÆÇá �'qs�~äJw��~�{��vxw�}���w��Ë§��z�~´(��vx¥µ��v£¢�(vx��y��c¤°�~���{�Ì�By����¦�º}��
£¢���

u ∈ K
w��6 zp¢}� 

a(u, w − u) − `(w − u) ≥ 0 , ∀w ∈ K
á¬â(q Ù²ä

}����4�~§�§5�~wzy¯ �v�Ù â Û q
u�p(vÍv�R'§���vxw�wzy����å�~�Î �p�v6��vÀ¤ÿ t��¤Ey��(vx±²�¢}��{y{ ���y{�Ã��vx�È}Û �y�����áÁâ(q Ù²äAy�w¶�~��}���y�v�² ¡��¤J �p�v6vx�(vx�z���

¤°����® zy��~��}��
J(v) =

1

2
a(v, v) − `(v)

}� 
u
«�}����Z �p¢}Û «D w3�Bp²�� �p�v�§����~´��{vx¥ �~y{��vx�D´&� á¬â'qÓÙ²ä6y�w3v± �(y{��}���v�& 3 ��å zp�v�¥�y{��y�¥6y�·x}� �y{�~�

§��z�~´(��vx¥
min J(v)

wq  xq
v ∈ K.

á¬â(qsß~ä
�. �®x}��%´Fvc§(�z�Ì�~v��«> zp¢}� Ë¤°���(® �y{�~�¢}��

J(v)
y�wË®�~�&�~v�R%}����%®x� vx��®xy{��v4�~�
wzv¥�y{®x� vx��®xy{��vc�~�

K
«�}����4 �p�v�~�zv¥ ¤°�~��v3R(y{w� zvx��®vt}����e�(��y�±²��v��vxw�w�Ù Ù Û ��¤)¥6y���y{¥
��¥¹¤°�~�Ew���®ªpe¤°�(��® zy��~�¢}���wº zp�vx�

�~�¢}��z}��& �vxvwx«� zp¢}� �§��z�~´(��vx¥6w¦á¬â(q Ù²ä�ÆÇá¬â(qsß~ä�p¢}��~v
�(��y�±²��v
w��~���' �y����ey¯¤
f
wz}� �y{w�£¢vw ∫

Ω2 f dΩ < 0
«

�Bp¢}� ,y�wB}�w�wz��¥6vx��y���}��{�F¤°�~�{���Ì�By��(�
v�R'§5�~wzy¯ �y�����wxq

èxé¡û ëLì�í�î ï�í�ð7ì>ñ\ò8ì½óBô ð7õ�ö,î ï�ì>íÒì½ò�÷�ø´ü�ì�ô ù=ì>ñ�ø´÷Vô ì¤÷7ø¼õ½ù�ó`ì½ú7ý
õ�ø´ô

u*�K��vx��y{��v< zp�v���}��zyÈ}Û �y����¢}���y{��vx±²�¢}���y{ ������Ì�¶«A�ºvÎ¤°�~�{���Ì�M}��¢}��{�~�~�~��w��{�¿§��zvÀ� y��~��we}�§�§(�z�&}�®ªp�«
�Bp�vx��v

H1(Ωi,j)
��vx�(�� �vw³¾'�~´5�~�{v�3w�§¢}�®vt��¤*£¢�zwL ,�~�z��v������ zp�v¶wz§¢}�®v

L2(Ωi,j)
«
Γi,j = ∂Ωi,j,

V i,j = {v ∈ H1(Ωi,j) : vi = 0
���

Γiu ∩ Γi,j} ⊆ H1(Ωi,j), i = 1, 2, j = 1, ..., pi
«
V i =

V i,1×...×V i,pi, i = 1, 2
«
V = V 1×V 2 }���� KE =

{
(v1, v2) ∈ V : vi,k − vi,j = 0

�~�
Γi,k ∩ Γi,j

} «
KI =

{
(v1, v2) ∈ V : v2,k − v1,j ≥ 0

�~�
Γc ∩ Γi,k ∩ Γi,j

} «
f i,j = f |Ωi,j , ui,j = u |Ωi,j ,

i = 1, 2, j, k = 1, ..., pi
«
K = KI ∩ KE

®x����wzvx�a®�~�&�~v3Rawz�(´�wzvÀ ���¤
H = H1(Ω1,1) × ... ×

H1(Ω1,p1) ×H1(Ω2,1) × ...×H1(Ω2,p2)
q»FA�

H
�{v �wB��vÀ£¢��vt}Ëw�� ¥�¥6v z�zy{®A´�y��{y���vx}��º¤°�~��¥

a(u, v) =

2∑

i=1

pi∑

j=1

∫

Ωi,j

(
∂ui,j

∂x

∂vi,j

∂x
+
∂ui,j

∂y

∂vi,j

∂y

)
dΩ

}�����}6�{y���vx}��º¤°�~��¥
`(v) =

2∑

i=1

pi∑

j=1

∫

Ωi,j

f i,jvi,j dΩ.

»¢�~�{���Ì�By��(�� �p(v,wz}�¥6v�§��z� ®xv�����zv,}�wHy{�Ë§��zvÀ� y��~��w�w�vx® zy��~�Ë�JvB�~v >y��
 zp�v�vx�(�6 zp�vB¥�y{��y�¥6y�·x}ÛÆ
 �y����c§��z�~´(��vx¥

min J(v)
wxq  �q

v ∈ K,
�By¯ �p

J(v) =
1

2
a(v, v) − `(v).

�~�
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��é�ê � ï�ñ ü�ó`ø*î ï��¼ö,î ï�ì�í
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Ω1

λ IB I

Ω2

λ IB I

Ω Ω

Ω Ω Ω

ΩΩ

B λEE

1, 1 2, 1

Ω
1,p1, 2

1,...

2, 2

2,...

1 2,p2

»Öy��~�(�zvËÙ�q � Ôt}&ä³r�y�w�®x�zvÀ �y{·xvx�Ã¥�� ��v�H§��z�~´(��vx¥Ò��¤º ��J��´5�'�(y�vxw«O´Ñä³ zp�v6��vx®�~¥�§5�~w�vx�Ä§(�z�~´��{vx¥
y��& ���wz�(´F����¥Í}�y{��w

	�
 è 
 è GD���'�5��	�!'����N!'��/>�M/�1c=I/�9�	��¦?���/��A��	O=
»Ñ���� zp�v,� �(¥�v�zy�®x}��Ñ§��z� ®xvwzw�y����t��¤� zp�y�w>§��z��´���v¥Iy{ >y�w>��v®xvxw�w�}��L�� z�¦v3R(v®x�( zv� �p(v��{y���vx}��zy{·�}� zy��~�
}����e£���y{ zvtv��vx¥6vx�& ���y�w�®x�zvÀ �y{·�}� zy��~��qºu*�Í zp�y�w,§�����§F��wzv¦�{v �DÓw���v£¢�(v

(ηh, τh)
}Í§�}��� zy{ �y{�~��y{���Ë��¤

Ω
y��& z�
 ��zy�}����~�{vxw

Tj ∈ τh
«��By{ zp�w���y{ �}�´��{v³� �(¥
´Fv�zy{���Ë��¤Ö��vx�L �y�®vxw,}� 

Nk ∈ ηh
q

»¢�~�
i = 1, 2

á°wzvxvÃ»Öy{�~���zvÎÙ�q � }&äÍ�{v 
P i
h

�(vx���� zv< zp�vÎ§�y�v®xvÀ�By�wzv<��y{��v�}��3£¢��y{ zvÎvx��v¥�v�& 
wz��´�w�§¢}�®vxw���¤

H1(Ωi)
« ��v 

V i
h = P i

h ∩V
i «(}����3��vÀ£¢��v

Vh = V 1
h ×V 2

h

}����
Kh = K∩Vh

qNu�p�v

��â



§��z�~´(��vx¥\á¬â(qsß~äºy{wE �p�v��}�§(�z�«R'y�¥�}� �v��´&�3 zp�v³£¢��y¯ �v³vx�{vx¥6vx�& ,§��z��´���v¥
min J(vh)

wq  xq
vh ∈ Kh.

á°Ù�q � ä
u�p(vE¤°����® zy��~�(w

pih ∈ P i
h

}���vJ¤°���{�{�¡��v zvx��¥�y{��vx�
´&�t��}�����vw
uik = pih(N

i
k)

}� H��� ��vw
N i
k ∈ Ωi

«
�Bp�y��{v

Ωi
��vx�(�� �vwJ}³®���~w����zv���¤

Ωi q*Ü�w�wz��¥6y����³ zp�v�y����(vx§5vx����v�& Jy{����v3R(y{���³��¤5��� ��vxw���¤
Ωi \Γu´²�Zy�����y{®xvw

1, 2, ..., si
}���� �(vx���� zy����a��¤¦wL ª}�����}��z��´¢}�w�y�w3¤°����®À �y{�~��wc��¤

V i
k

´&�
eik
«�wz�% �p¢}Û 

eik(N
i
j) = δkj

áÁÕ¶���~��v®ª��vx�,w�� ¥
´5�~�ÈäÀ«�y¯ By�w�§5�~wzw�y�´��{vA ��Ë�B�zy¯ �v¶}��&�
vih ∈ V i

h

y��c¤°�~���{�Ì�By����¦¤°���z¥

vih =

si∑

k=1

uike
i
k.

á°Ù�q ��ä
¾'��´�wL �y{ z�( �y{����áÁÙ(q �~äºy{�& ���v�R'§���vxwzw�y��~��¤°�~�E¤°����®À �y{�~�¢}��

J(v)
�~y¯�~vw

J(vh) =
1

2
uTKu− fTu,

�Bp�vx��v
K =

[
K1 0
0 K2

]
, f =

[
f 1

f 2

]
, u =

[
u1

u2

]
,

K
y�w³wL� ¥�¥6v z�zy�®Ë§5�~w�y{ �y¯�~v�wzv¥�y{��v£���y{ zvË´���� ®ª�~Æ���y�}��~�~�¢}��Öw� zyUcF��vxw�wt¥�}� z�zyTR���¤º�~�z��v�

n
á°w�� ¥ËÆ

¥�vÀ ��zy{®�¥�vx}���w¶ �p¢}� 
aij = aji

¤°�~�
i, j = 1, ..., n

«)�Bp�y��{v�§F�~w�y{ zy{�~v6wzv¥�y{��v£���y{ zv6¥6v�}���wt zp¢}� 
uTKu ≥ 0

¤°���¶}����)�~vx®À ��~��w
u
äÀ«
f
��vx®À ��~�¡��¤J���'��}��Ö¤°�~��®xvxw¶��¤Jwzy{·xv

n
}����

u
��vx®À ��~�¡��¤J���'��}��

�����²���Ì�B��w4��¤¡wzy{·xv
n

áÁ�(�� �v�ÔÄy��þ§(�zv� y{�~��wcwzv® zy��~��w3 zp�v�w�� ¥
´5�~�{w
u, f

��v���� �v�®�~�& �y{� �(�~��w
¤°����® zy��~�(wx«Ö¤°���~¥$ �p�y{w¦§���}�®xv3����«N´5vx®�}���wzvc��¤Bw�y�¥6§���y{®xy¯ ��~«

u, f
��vx§���vxwzv�& Ë �p�vÍ��vx®À ��~��wªäÀ«H�By¯ �p

Ki = [aijk]
«
aijk = a(eij, e

i
k)
«
f i = [f ij ]

«
f ij = `(eij)

}����
ui = [uij]

q

	�
 è 
�� GD���'�5��	�!'����N!'��/>�M/�139�	��F/J=@?t/��'	�9 =I/�9�	��¦?��(/�����	O=
Ü�´5�Þ��v3§���vxwzv�& �vx�Kv�R'§5�~wzy¯ �y{�~�Ã �}���vw
y��& ���}�®x®�~���& �à���wL ¦ �p(v3��vx®�~¥6§F�~w�y{ zy��~�<y��Ä ��J��w���´F�(��Æ
¥Í}�y{��w

Ω1 }����
Ω2 «Ö´��' ¦y¯ ty{wt§5�~w�wzy�´(��vË ��e��vx®�~¥�§5�~w�v3}���R'y{��yÈ}�����vx}�®ªpå����¥Í}�y{�

Ωi, i = 1, 2y��& ��
pi

w���´F�(�~¥Í}�y���w
Ωi, j, j = 1, ..., pi

á°wzvxvÍ»Öy������zv6Ù�q � ´Ñä6«Öwz�� zp¢}� tv�}�®ªpa��¤º �p�vwzv3w���´F�(��Æ
¥Í}�y{��wHy�wH§�}��� zy{ �y{�~��v�6´&�6}³wz�(´�wzvÀ E��¤

(ηh, τh)
qNÜ�¤ÿ zvx����w�y����¶ �p�v�£¢�(y{ �vBv��vx¥6vx�& >��y{wz®x��v zy�·�}Û �y����

��¤º§(�z�~´��{vx¥ á¬â(qsß~ä��By{ zp� �p�v�´¢}�w�y�w³¤°����®À �y{�~��wx«� zp¢}� t}���vË·xvx���ev3R  �vx�(wzy�����wt��¤
P i,j
h ⊂ H1(Ωi,j)¤°�~�

i = 1, 2
}��(�

j = 1, ..., pi
«� �p�v3¤°���(® �y{�~�¢}��ºp¢}�w
¤°�~��}��{�º§�y{vx®v�By�w�v4��y��(v�}��¡¤°����® zy��~�(w

vh®x�~�& �y{�²���~��wBy��4w���´F�(�~¥Í}�y���w
Ωi,j  �p�v³¤°�~��¥

J(vh) =
1

2
uTKu− fTu,

�Bp�vx��v

K =




K1,1 0 . . . . . . . . . 0

0

q q q
0 . . . . . . 0

0 0 K1,p1 0 . . . 0
0 . . . 0 K2,1 0 0

0 . . . . . . 0

q q q
0

0 . . . . . . . . . 0 K2,p2




, f =




f 1,1qqq
f 1,p1

f 2,1qqq
f 2,p2




, u =




u1,1qqq
u1,p1

u2,1qqq
u2,p2




p¢}��~v¶ �p�v¶w�}�¥�v³y{�² zvx��§��zvÀ ª}� zy��~�4}�w,}�´5�Ì�~v�q
��Ù
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uik
q ½OvÀ 

¤°�������z}�����¥Í}� z�zy{®xvxw
BI

}����
BE

��vxw�®x��y�´5v¶ zp�v¶��y�w�®x��v �y{·xv�ey{��vx±²�¢}��{y{ ���áÁ������§Fv��v z��}� zy��~�¢äE}����
vx±²�¢}��{y{ ��Îá°�~���(y����²ä�®x�~�(��y{ zy��~��w«��zvwz§5vx®À �y{��vx�¯�~q

	�
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 è :</���1ª/H��=I�L��7Ö�Û��/�9��>�¦+Í2

} ´

Ω1 Ω2ukuj

Ω

Ω Ω

ΩΩ
1, 1 2, 1

Ω
1, 2 2, 2

2,...

2,p2

u

uu

ui k

lj

Ω1,p1

Ω
1,...

»Öy��~�(�zvAÙ�qs�'Ô>É�����§Fv��v z��}� zy��~�c®�~����y¯ �y{�~��wE¤°�~�B}&äº®�~��§��{v¶��¤Ö�(�'��vwB´ÑäJ¤°�~���B®x���z��v�,�(�'��vw
É,�'��}���áÁ®�~�(¤°�~��¥�y{���²äJ�(�~��§5vx��vÀ ���}Û �y�����®�~����y¯ �y{�~��w

uj − uk ≤ 0
�~�

ui + uj − uk − ul ≤ 0

®�}��Z´5v�w���´�wL �y{ z�( �v�þ´&��v3R(§(�z�zvwzw�y��~�
BIu ≤ 0

«E�By¯ �pK¤°�����,��}��(�K¥�}� z�zyTR
BI

®�~��w�y�w� zy����Ã��¤
�~�� zp��~�~�~��}������Þ�Bw

[
· · · 1 · · · −1 · · ·

] �~� [
· · · 1 · · · 1 · · · −1 · · · −1 · · ·

]
.

¸º�~�& �y��²��y¯ ��6®x�~���(y{ �y{�~��wº}��zv�vx�(¤°�~��®xv��y{�Íw�y�¥6y��È}��N�E}��c}�wEy���v±²�¢}���y¯ ���®x�~�(��y{ zy��~��wJ�zv§��È}�®y����ty��'Æ
vx±²�¢}��{y{ ����By¯ �pÄv±²�¢}���y¯ ���wzy{�~�

BEu = 0
qc¼e�~�zv6��vÀ ª}�y{��w¡}�´5�~�( ¡®x�~�(w� �����® zy��~�Ã��¤

B
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���~��®�~�(¤°�~��¥�y{���
¥6vxwzp(vxw

f(x, y) = −2,
¤°�~�

(x, y) ∈ (0, 1) × [0.75, 1)
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x0 ∈ Ω, α ∈
(
0, ‖A‖−1] , Γ > 0¾² �vx§ � 2ÞoH�z�~§5�~�� zy��~�(y����tw� �v§�Æ>��vx¥6�Þ��vxw,y����(y�®xvwE¤°�z�~¥

A(xk)
3

�.¤
xk

y�wE���� B§��z�~§5�~�L �y����¢}��Ñ �p�v���(v£¢��v
xk+1 = xk − αCGβ(xk)

´&�c§����~§5�~�� zy���Æ
��y����(«

αCG = βT (xk)g(xk)
βT (xk)Aβ(xk)

¥�y{��y�¥6y�·vxw
θ(xk − αβ(xk))

�By{ zp4�zvxw�§Fv® , ��
α¾² �vx§�� 2Û¸�ÚWw� zvx§43

�.¤
xk

y�w�§����~§5�~�� zy��~�¢}��5 zp�vx�e�~vx��v��}� zv
xk+1 = xk − αCGp

k ´&�c ��zy�}���®��wL �v§�«
pk+1 = ϕ(xk) − γpk

«
γ = ϕT (xk)Apk

(pk)TApk¾² �vx§eâ 2Þ×BR(§�}���wzy{�~�4w� zvx§�Æ>v3R'§¢}�����w
A(xk)

3
�.¤
xk ∈ Ω

 �p�v�t}�®x®xv§( )y{ �v��w�vH�~vx��v��}� zv
xk+1 = P+(xk−αϕ(xk)) = xk−αϕ̃(xk)´²�4§(�z�Ûà�v® �y{�~�c ��Ë¤°v�}�wzy�´(��v³wzvÀ 

½�vÀ 
g = g(x) = Ax − b

´5v� �p(v��~��}���y�v�² 3}����Z§(�z�Ûà�v® �v�D�~��}��(y�vx�& 
gP = gP (x)

��¤
θ(x) = 1

2
xTAx− xT b

}Û 
x
y�w���y{�~v�e®�~¥6§F�~�(vx�& ��By�w�v¡´&�

gPi =

{
gi

¤°�~�
xi > −x̃i

�~�
i /∈ I

min(gi, 0)
¤°�~�

xi = −x̃i
}��(�

i ∈ I
.

½OvÀ 
I
}����

E
��vx�(�� �v
 zp�v�wzv zw¶��¤>y�����y{®xvwA®x�~���zvwz§5�~����y{���c ��3 �p(vËvx�& ���y�vxw¶��¤���vx® z�~�zw

xI
}����

xE
}��(�e�{v 

A(x)
}����

F(x)
��v£���v¡ zp�v �<���º|��Hw¹��w�� }���� Ë3�@w6w4��w�� ��¤*y����(y�®xvwB��¤

x

A(x) = {i ∈ I : xi = −x̃i}
}����

F(x) = {i : xi > −x̃i
�~�
i ∈ E} ,
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��v zvx�z¥6y��(y����¡ �p�v �6��s6~%~�w¡�½�H���%�H|�w�t��
gC = β(x)

«' zp�v |�t�t�w�� �~� Ë3�@w6w´�H�¡�%�H|�w�t��
gF = ϕ(x)

}����
�6w¡�H���6w¡�Hy×Ë3�@w6wj�H���%�H|�w�t��

gR = ϕ̃(x)
��¤
θ(x)

y��c¤°�~���{�Ì�By����¦�º}��

gCi = 0
¤°���

i ∈ F(x)
}����

gCi = min(gi, 0)
¤°�~�

i ∈ A(x),
gFi = gi

¤°�~�
i ∈ F(x)

}��(�
gFi = 0

¤°�~�
i ∈ A(x),

gRi = gFi
¤°�~�

i ∈ E
}����

gRi = min(xi/α, g
F
i )

¤°�~�
i ∈ I.

u�p(v����(y�±²��v6wz�~�{�( �y{�~�
x = x(µ, ρ)

��¤�}���R'y{��yÈ}����e§��z�~´(��vx¥6w¶w�}� zy�wL£¢vxw¶ �p�v�Õ¶}��z�(wzp'Æ�Õ¶�(p��'Æ
u*��®ª��vx�,®x�~�(��y{ zy��~��w�v3R'§��zvwzwzv��´&�c �p�v¶��vx�È}Û �y����

gP (x) = 0,

p�vx��®v¡ zp�v¶wz�~�{�( �y{�~�c��¤*§��z��´���v¥

min θ(x)
wxq  �q

xI ≥ −x̃I

w�}� zy�w�£�vxw� �p�v¡Õ¶}�����wzp'Æ�Õ³��p��'Æ.u*��®ª��vx�,®x�~�(��y{ zy��~��w�y¯¤O �p�v³¤°�~�{���Ì�By����¦�zvx��}� �y{�~�cy�wE��}��{y��

gP (xk) = ν(xk) = gF (xk) + gC(xk) = ϕ(xk) + β(xk).
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xk
´&�

Γ2ϕ̃T (xk)ϕ(xk) ≥
∥∥β(xk)

∥∥2
,

�Bp�y��{v
Γ > 0

}����
xk

w�}� zy�wL¤ÿ�'y{���4 �p�y{wty{��vx±²�¢}��{y{ ���y{wt®x}����{vx�Ã}�w ~�@s6~�s8�3��|�s8t�Hz qc�.¤
x ∈ Ω

«Ny¬qÓv�q
xI ≥ −x̃I

«Ñ�ºvt®�}��{�
x
Ë«w¡�8��|���zrw }����

P+

y{w, zp�v¦§����Ûà�vx®À �y{�~�e z�ÍwzvÀ A��¤Ö¤°v�}�w�y�´��{v¶��vx®À ��~��wA��v£���vx�
}�w

P+(x)i = max{xi,−x̃i}
¤°�~�

i ∈ I, P+(x)i = xi
¤°�~�

i ∈ E.
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WJ = {x : xi = −x̃i
¤°�~�

i ∈ J}

�By{ �pK}��~y¯�~v��}�®À �y¯�~vcwzvÀ 
J = A(xk)
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xk
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£¢����y{���c}3wz�(y{ ª}�´���v
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A−1 «�wz�c zp¢}� ³¥6�'�(y{£¢v�
w�� w� zvx¥µy{wº¥6�~�zv�v�}�wL�Í z�
wz�~�¯�~v� zp¢}��3 zp�vA�~��y��~y{�¢}��¢�~��v�q>¼e�~��vA��v �}�y��{wE}�´5�~�( ºy�¥6§���v¥�v�& ª}� zy��~�
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0 < α < 1

á
10−1 äÀ« β > 1

á
10
äÀ«
M > 0

á
100 äÇ«

ρ0 > 0
á
101 äÀ« η0 > 0

á
10−2 äÀ« µ0 > 0

á
0
äÀ«
k
á
0
ä

¾² �vx§ � »Öy����
xk

w��� zp¢}�  ∥∥gP (xk, µk, ρk)
∥∥ ≤M

∥∥Cxk
∥∥ q¯q{q�á��³o>¼�o>Ú¡o>ä

¾² �vx§�� �.¤ ∥∥gP (xk, µk, ρk)
∥∥ }����

M
∥∥Cxk

∥∥ }��zv¶w��kÜ6®�q�wz¥�}����5 �p�v�
xk

y{wE �p�v¶wz�����( zy��~�
¾² �vx§eâ

µk+1 = µk + ρkCx
k¾² �vx§�Ù �.¤ ∥∥Cxk∥∥ ≤ ηk �p�v�

ρk+1 = ρk, ηk+1 = αηkvx�{wzv
ρk+1 = βρk, ηk+1 = ηk¾² �vx§�ß Ý,§F�¢}Û �v

k = k + 1
}��(����v z���z�4 ���¾  zvx§ �

½�vÀ 
g(x, µ, ρ) = Ax − b + CT (µ + ρCx)

��vx�(�� �vÎ �p�v<�~�z}���y�v�& e��¤¦ �p(vÄ}��(�~¥�v�& �vx�
½)}��~��}��(�~yÈ}��

L(x, µ, ρ) =
1

2
xTAx− xT b + µTCx+

1

2
ρ ‖Cx‖2 ,

}����3§����Ûà�vx®À �v�c�~��}��(y�vx�& 
gP = gP (x, µ, ρ)

��¤
L
}� 
x
qHu�p�vAw�}���y�v�& J¤°vx}� �����vA��¤� zp�y�wº}������~�zy¯ �p�¥
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SLES

LAPACK

(My Domain Decomposition)

(Matrices)
Mat Vec

(Vectors)
IS

(Index Sets)

BLAS MPI

PC
(Preconditioners)Draw

(Krylov Subspace Methods)
KSP

(Linear Equations Solvers)

TS
(Time Stepping)

PDE  Solvers

SNES
(Nonlinear Equations Slolvers)
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G̃
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icol =

⌊
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⌊
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f
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⌈
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wz��y¯ ª}�´(��v�¤°�~�4§¢}��z}����{vx�{y�·�}Û �y����Z��¤¦ zp�y�w4§����~´��{vx¥  zp¢}���¥6� ��y{£¢v� ����y¯ �v��}� zvx��®x�È}�wzwzy{®�}��
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G̃T }���v
®x�~§(y�vx��y��& ��Í zp�vË}�����}��
g[ ]

��¤H�~vx®À ����zw³��¤
 �� §Fv
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áÁ�{�'®x}��Ñwzy�·v

Ndual/size
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äº}��(�3§��z� ®xvwzwE��¤O�~�� zp��~���~��¥Í}���y�·x}ÛÆ
 �y{�~�cy�w�§5vx�L¤°�~�z¥6vx��}�®®x�~����y����Ë z�

g[i] = g[i] −
i−1∑

j=0

(g[i]Tg[j])g[j], g[i] =
g[i]

‖g[i]‖
, i = 0, ..., Ne − 1.

u�p�v¦��´( ª}�y{��vx���~v® ����zwA¤°�~��¥0®x�~�{��¥��(w���¤N�zvx±²��y{�zv��¥Í}� z�zydR
GT q�»¢�~�,¥��~��vt�(v ª}�y���wBw�vxv

 �p�v³¤°���(® �y{�~� ���d�(Ùi¨�æ��/�H�bÌ¿��« q
oÖ}��z}����{vx�Fwz®ªp�v¥�v�Ô

g[i][rank] = g[i][rank] −
∑i−1

j=0

⌈
g[i]T [rank]g[j][rank]

⌉
g[j][rank],

g[i][rank] = g[i][rank]

d‖g[i][rank]‖e
, i = 0, ..., Ne − 1.
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e
 ��z}���w�¤°���z¥6w�}Û¤ÿ �vx�6wz��¥�v�¥Í}���y�§��(�È}� zy��~��wt ��Ä§(�z�~´��{vx¥

 ��åw��~�{��ve zp�v�wz¥�}��{�,wL� w� �v¥ ��¤³v±²�¢}� �y{�~��w
G̃GT e = ẽ
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•
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d
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}����¿��vx®À ��~�c}�®x±²��y���vx�þ}�w� �p(v�}�´5�Ì�~v
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q
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d[rank] = d̃[rank] −
⌊
B[rank]

(
K†[rank]

(
BT [rank]

⌈
λ̃[rank]

⌉))⌋
.

•
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J
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i
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i ∈ I
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A(λ)
q
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J
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i =

{
0
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λ
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i

1
¤°���

λ
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i > c
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i

.
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q

»Ö×�u�� Æ � «�uB»N×Hu�� Æ � }�����»N×Hu�� Æ�rAoK¥�vÀ �p�� ��w���vxwz�(�{ �y{�c¥Í}8R'y{¥�y{·�}� zy��~��§����~´���v¥ ��¤*��§�§F�ÛÆ
wzy{ zv³���¢}���¤°�(��® zy��~�¢}����By{ zp���§�§F��wzy{ zv³´F�������

max−

(
1

2
xTAx− bTx

) wxq  �q
xI ≤ −x̃I

}����
Cx = 0

�By{ �p
A,C, b, x̃

´5vxy{���B��v£���vx�¦}�®x®�~�z��y{���� ��,»N×Hu��F �� §5vJ¥6v zp�� ��qOu�p�y�wO§����~´���v¥ y�w�v±²��y{��}��{vx�& 
 ���§��z��´���v¥µy��& z�z� ����®xv�ey{�e¸ºp¢}�§( zvx��ß'q

½�vÀ H��wN´���y�vN���¦¥6vx�& zy��~�¦}����� zp�vx�N�(yUcFvx�zv��®xvw*Æ� zp�vx��vEy�wÖ���
G

¥Í}Û ��zydRt}��zy{wzy{����´&�
���� �p(�~���~��Æ
¥Í}��{y�·x}� �y{�~�3��¤H���Ì�Bw���¤

G̃
«Ñ´5vx®�}���wzv
��¤Ny{ zw��{vxw�w�wz§�}��zw�y{ ��~q�u�p(vx�

λ̃ = GTe
®�}��e´Fvt�zvx}�®ªp�vx��}�w

λ̃ = G̃T
(
G̃G̃T

)−1

e
q

-�Ù



r��¢}�����y{��v�}��E§��z��´���v¥ny�w�w��~�{��vx��´²�4§(�z�Ûà�v® �v��®�~�Ûà����&}Û �v¶�~��}���y�v�² B¥6v zp�� �ÄáÁo>¸�Útäº�By{ zp
 �p�v�y���y¯ �y�}��º}�§�§��z�«R'y�¥�}� zy��~�

λ0 = λ̃
q�u�p(vx�

G̃λ0 = e
}����

λ − λ0 ∈
Õ¶v�

G̃ g G̃λ = e
y�w

w�}� zy�w�£�vx�6y{¤�}����¢y{��®x��vx¥6vx�& �w
λk−λk−1 ∈

Õ³vx�
G̃
qN����®x�~�& ��z}�w� � z�¡ zp�v�®�È}�w�wzy{®�}��5¸�Ú�¥6v zp��'��«&y��

v�}�®ªpÎy{ zvx�z}� �y{�~����¤Jo>¸�Úµ}��{�~�~�zy¯ �p�¥�«¢ �p�vË��vxw�y����¢}��N}����� zp�vËwzvx}��z®ªp<��y���vx®À �y�����w³}���v
§��z�Þà�vx® zvx�
�~�& ���Õ³vx�

G̃.
u�p�y{w³§��z�Ûà�v® zy��~�Îw� zvx§Ã§��È}�� w³�z�~�{vË��¤>®x�&}��zwzv�§����~´��{vx¥M�Bp(y�®ªp<y�w³wz���{�~v�Ãy{�Îv�}�®ªp

y{ �v��}� zy��~��q
»¢�( zp�vx��¥����zv�¤°�~��®x�~�& �}�® J§��z��´���v¥�w�»N×Hu�� Æ�rAo>¸¿�E}�w>§����~§F��wzvx��´&��¸�q'»Ñ}���p¢}� >v J}��¬qÖu�p�y{w

}����~���zy{ zp�¥µy{w�´�}�wzv���~��»N×Hu�� Æ�rAo��(�~¥Í}�y�����vx®�~¥�§5�~w�y{ �y{�~�4¥�vÀ �p�� ��}�������w�vxw� zp�v
É,v�� ����'Æ
��y���vA¥6v �p(�'�Í�Bp(y�®ªp4wz�~�¯�~vwB zp�v³vx±²��y{��y{´��zy{��¥¹vx±²�¢}� zy��~�cy{�4½O}��~��}����~vA¥
�(�{ �y{§���y{vx��w>y{�3 �p�v³y{����v�
��� �~§�«B�Bp�y��{v�¤°v�}�w�y�´�y{��y{ ��K��¤tv�}�®ªp�w� zvx§ y�wcvx�(wz����vx��y{�þ �p�vÎ�~�( zvx�4��� �~§þ´&�þ �p(v<§(�zy�¥�}���}����
���¢}���§���}�����y{���ewL �v§�wxq�oH�zy{¥Í}��H§(�È}����(y�����w� zvx§å��vx®x����w� z�z��®À 
§���y�¥�}��Hwz�~�{�( �y{�~�� ��e®x�~���zvx®À ¦ zp�v
§Fv��v z��}� zy��~�¿��¤¶´F� ��y{vxwx«,}��¯ �p������~p�y{���~�(�c}������~�zy¯ �p�¥  zp�y�w�y�wÍ}��( �p(�~¥Í}Û �y�®x}����¯�åwz}� �y{w�£¢v�þ´²�
wzy�¥6§��{vÍ´5�~�����Ky��a����}��º��}��zy�}�´��{v�qår��¢}��E§���}�����y{����w� zvx§K��� �~�²w¦¤°�~�
 zp�vcwzvx}��z®ªp¿��y���vx® zy��~�å z�
 �p�v6�~´�wL ª}�®��v6��¤����¢}�����}���yÈ}�´(��v�q�u�p�v3}����~�~��y{ zp�¥Mv3R'§����~y¯ �w¡w� �}����¢}����å»N×Hu��³§���vx®�~����y¯ ��~��v�zw«
�¢}�¥6vx�{�¦ �p�vA¾'®ªp²����}���������¥6§5vx�Í����vxwqHu�p�vA}��(��y{ zy��~�¢}���wz§5vxv����§c��¤�®�~�&�~v�z�~v��®xv³y{wº}�®ªp(y�v��vx�
´²�6}�§�§���y{®�}� zy��~�6Õ³��� �{�Þ�¦ ��'§5vA}�®x®xv��v��}� zy��~��wz®ªp(vx¥6v�q�u�p�vA}����~�~��y{ zp�¥Wv3R'§����~y¯ �w>}t�����~´¢}���y�·x}� �y{�~�
w� ��z}� �v���cy{�����z��v�E ���}�®ªp�y�vÀ�~v¶¥6�~���� z�~��y�®��~���~´�}���®�~�&�~vx���~vx�(®xv�q

u�p(v
v�Ü6®xy{vx��®À���º}�w� zvxw� zvx�Î�~����v�}��{y�wL �y�®t��r¹}�����â~rI®�~�& ª}�®À ³§��z��´���v¥�w,y���®�����(y����6 �p��~w�v
�By{ �p4¥6�~�� �}��zw«�wzvvt¾'vx®À �y���� � â'qsâ(qs�'q
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[�\^]`_a_`b�c�dfefghdfi8dkj�iml'ine�op\qe�r=gVsut�iv\Vo�dfj�iwgV_axq\qek]ydfj�r^c�zX]`s{l|gVe�df]at�b�_`gVe}dfjui�]`e�s~b�r^i�e�]`t�gY_PgVs���l|gVe,�
gV_`_ai�_�c�t�gV_`gV��]a_`]adk]`inc8gVsu��\qlXdf]`r
gV_a]ad��{\Vo���b|gV_1l�i�s�gV_ad��Vz���j|g��qi^]`r^l�_ai�r^i�s�dfin��gV_`xq\Vek]adkj�r^c8]`s��
iN�Xl�_`\V]adf]as�x{dfj�i�l�gVt9�hgVxqi{���1[��Xt��y���h���B[(j�i�iN�Xl�i�ek]ar
ins�dfc���i�e�i�ekb�s�\qs��u�m�½F3ek]axq]`sE�q ~�~���
t�\qr^l�budki�e¡tn\qb�e�dki�c���\Vo8¢V\qj|gVsus�i�c¤£vi�lu_`i�e¡¥/s�]y�qi�e�ck]yd���\Vo/¦P]`s�§Y¨
c�j|gVekin��r^i�r^\qe���©�ª«��ª¬v®¯z
�Þ�V El�e�\Xtni�c�ck\qe�c{°w�Þ���~�~�uz(±&���@ª²/§Yz/±� X�Þ�V �ª³´°�µvª¶z(·��~�@�m³¸��]ack��ckl|gYt�iVz8¬3¦X[º¹����~�
c�d9gYt9�Vi�e8¹��¤�m³8z�s�iNd�¨L�h��µ1[�ª �»·V·¼ª«�¾½Ycnz¾¿À¬3¬8�/�»�m�|½~�XzuiNdfj�iNdfs�iNd����¤ª«�¾½Ycnz¾gVs���¦P\qr
\Vs��
·~�»��luek\Rt�i�c�ck\qe��Xbus�¥/_ydfekgZ�X�'µ3° �L���k�����|gYcki��
c��Rc�dki�rÁ��]adkj
Â��~��ª«²/§Vzu·~�m�m³�\Vo5ckj|gYeki��
r
inr¤�
\qe��Vz*s�\qr^]`s|gY_�l�i�gY�l�i�e�op\Vekr
gVs�t�i�Âq�u�ÄÃ{�w¿�_`\ql�cnz5ÃY±��X³Å_ain�qin_}�¤gVsu�� {ª³Æ_`iN�qi�_H�=t�gVt9j�i¼]as
�L�L�(�Ç���u]`s~��b�e�xqj*�L��gVt9j«luek\Rt�i�c�ck\qe ��\qe��Rc(��]ydfj{_`\Rt�gV_'l'\Ve�df]a\qs�\Vo��|ghd9g¤gVckc�\Xtn]ÈgYdki�����]ydfj{]adkc
ckb�����\qr
gV]`suc��

��gVt9j��u\qr=gY]`s�� gVc¡É�ekc�d���i�tn\qr^l'\qc�i���]as~dk\]a��i�s�df]at�gV_LekintndfgVs�xq_ai�c
Ωij ��]ydfjEdkj�i=c�]`��inc Hdfj|gYd=�}inekiB��]ackt�e�indk]`§�in�Ê�~�Ëekinxqb�_ÈgYe=xqe�]`��c��uinÉ|s�in�Ê�~�Ëdfj�iÌc�dfinl�ck]a§�i
h
�Í�~df\ql�lu]`s�x�tnek]adki�e�]Ègu¨

∥∥gP (λ, µ, ρ)
∥∥ ≤ 10−4 ‖d‖

gVs��El|gVefgYr
iNdfi�e�c
M = 1,Γ = 1, λ0 = 1

2
Bf

�}ineki�b�c�i���op\qe�gV_`_
t�gV_at�b�_`gYdf]a\qs�c��

[(juiZc�i�_`intndki���eki�c�b�_adkc�gVekimckbur
r
gVek]a§�in��]`s{[�gY��_`incv�Î�u�y�n�9�Î�X�Ï�¼gVsu��É|xVb�ekincw���u�a��gh�9�Î�X�a��tY�

[�gV�u_`iB�Î�u�y�q¨{��gVefgV_a_`in_}ckt�gV_ÈgY��]`_a]ad��¶op\qe¼ckinr
]at�\Ri�e���luek\q��_ai�rÐ��]adfj@l�e�]`r�����]arC·Y±&�V ~�~�uz���b|gY_
��]`r��a��±�Â�¹q·Xz(�¡\qbud��1]adfinekcnz�·V�¼t�x¤]adki�ekcnzP�Þ�V ¼ckbu�'��\Vr=gV]as�c b�c�]`s�x
¦P\qr^\qs��*z

ρ = 103l�ek\Rt�inckck\Vekc � � ±   �ÎÃ �&�
dk]`r^i¼�Ñcki�tN�  �¹YÂ �VÂ~� �Î�q  ·�� �q¹ �»·

 qÃ



[�gV�u_`i��Î�X� �X¨8Ò/b�r^i�e�]`t�gV_�c�t�gV_`gV��]a_`]ad��«Óv�Lª�L�m�Ê��b�lul'inevek\Î�ÍxV]a�qincvl�ek]ar«�m��]ar«�Ï½Y��b�gV_��u]`r��az
ρ = 103 z|s~b�r¡��i�e�]`s{_a\»��i�e(e�\Î�Æxq]y�qi�c/�(�Í]ydfi�e�c��Àop\qe(xV]a�qins

H/h
H 1 1/2 1/4 1/8

H/h = 128 ÔNÔ�Õ¯Ö�Õn×�ØfÕ¯Ù Ø�ÔNÔhØkÕNÖ�×�ØfÕ¯Ö�Ú Û¯Ô�ÕNÛ»ØkÕn×¯ÜNÜnÖ�Ú Õ»Ø�ÔNÝnÝ¯Þ�Ö�×¯ÕNÙNÖ�Õ¯Ô±�� ÂqÂ ·X� Ã~�
H/h = 64 Ö¯Þ�ÛNÝ�×¯ÜnÛ ÔnÔNÖNÝnÝ�×¯Ü¯Þ�Ú ØkÔnÛNÕNÝNÝ�×9ÔNÔ�Û¯Ù Û¯ÞnÝnÖNÝNÝ�×�Ø�ÞnÙ�ÚNÛ�q· ÃV± ±²� ·V�
H/h = 32 ÕÎØfÚ¯Ö�×¯ÔNÔ Ö�Ú�ØfÕn×9Ô�ÕnÚ ÔNÞnÖ¯Þ�Ö�×ÎØ�ÜNÙ�Û Ø�ÔNÙnÔNÙ�Õn×NÚNÛNÛ»Ø�Î  ±²� �V± ±��
H/h = 16 ÛnÚ¯Ö�×�Ø9Ú ÕNÔ»ØfÕn×�ØkÜ�Ú ÙnÕ9Þ�Ö�×¯ÖNÜNÔ ÔNÜnÙNÙnÕ�×9ÔnÖNÔNÙ�Þ� �&� �V  ��·
H/h = 8 Ø�Ü�Õn×9Ù Ü¯ÞnÖ�×9Ö�Ú ÕNÛ¯Ù�Õn×9ÞNÞ�Ú Ø�ÝnÔNÜnÛ�×�ØkÙNÖNÔÂ ��� �q· �u�
H/h = 4 Û¯Ý�×¯Û Õ¯ÝNÝ�×fÞÎÚ ÖNÝnÝ�×¯ÕNÔNÙ ÔnÕNÝNÝ�×�Ø�Ý�ÛNÛÃ �ÎÂ �Y± �Y±

[�gV��_`i¤�Î�X�Ï�u¨Lß3ludk]`r
gV_`]yd��¤\Vo���b|gV_Pl�i�s|gY_ad��
à�á�âäã¤åçæqâäã¤åéè�æqêRë�ìpåçæqâäã¤å íÎí¯îÎï»è�îÎðqí í¯ñÎòÎóÎô»èVí¯ðÎôÎò í¯òÎðÎòÎðÎï»èÎõ�îÎîqí ïqí¯òÎñÎñ�öhô»è�ïÎðÎôÎïÎò

ρ ÷ íÎåÑñ�øNù ñqí ñqå öhôÎð�økú�ñqí ñqå öhîÎî�økú�ñqí ñqå öhòÎñ�økú�ñqí ñqå öhïÎï�økú�ñqí
‖Gλ‖ / ‖Pd‖ ρ ÷ íÎåÑñ�øNù ñÎò ñqåÑîÎñÎô�økú�ñÎò ñqå öYõ�ñ�økú�ñÎò ñqå öÎöhî�økú�ñÎò ñqå öhò»õ�økú�ñÎò

ρ ÷ íÎåÑñ�øNù ñÎî ñqåÑîÎñÎô�økú�ñÎî ñqå öYõ�ñ�økú�ñÎî ñqå öÎöhî�økú�ñÎî ñqå öhòÎô�økú�ñÎî
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�Rdf\qlul�]`s�x¤tnek]adki�e�]Èg ∥∥gP (λ, µ, ρ)
∥∥ ≤ 10−4 ‖d‖

gVs��
‖Gλ‖ ≤ 10−4 ‖e‖

��i�e�iZbucki��5�
[�gV��_ai¼�Î�u�é±�¨�¦"gVekxqivluek\q��_ai�r^c(b�ck]as�x
���v� ß3ek]axq]`s�����µ8¦Pµ3�L�
h H

l�e�]`r�� ��b|gY_ � s~b�r��1\Vo luek\Rt�c t�xu� dk]`r^i
��]ar«� ��]`r�� c�b�����\qr�� ]ydfine�� �Ñckintn�

1/1024 1/8
�R�Î�~�~�V±q  �VÂV &�V� �Þ�V  �&� ±~¹ �ÎÃ�¹

1/2048 1/8
 Y±~·Y±²�q¹�� ·VÂq·X�ÎÂ �Þ�V  ÃV± Ã�· �Þ�V u�

[�gV�u_`i^�Î�u�Ï·X¨�Ò/b�r^i�e�]`t�gV_�c�t�gV_`gV��]a_`]ad��
op\qe8µ8¦Pµ3�L�L�(b�lul'ine3ek\Î�Oxq]y�qi�c8l�ek]ar«����]ar«�Ï½Y��b|gY_��u]`r��az
ρ0 = 10

z�s~b�r��'ine�]as{_`\Î�}ine(ek\Î�ÆxV]a�qinc/�(�Í]adfinekcn�

H 1 1/2 1/4 1/8

H/h = 128 òÎòÎïÎôÎï»èVí¯ïÎð í¯òÎòqí¯ïÎô»èVí¯ïÎô»õ îÎòÎïÎîqí¯ï»è�óÎóÎô»õ ïqí¯òÎñÎñ�öhô»è�ïÎðÎôÎïÎò�V  ·YÂ �qÃ ±~¹
H/h = 64 ô�öhîÎñ»è�óÎî òÎòÎôÎñÎñ»è�ó�öYõ í¯òÎîÎïÎñÎñ»è�òÎòÎîÎð î�öhñÎôÎñÎñ»èVíföhð»õ�î�~� ±�¹ �q� ±��
H/h = 32 ïqíNõ�ô»è�òÎò ô»õVí¯ï»è�òÎï»õ ò�öhô�öhô»èVí¯óÎðÎî í¯òÎðÎòÎðÎï»èÎõ�îÎîqí�»¹ �V� �~� ��¹
H/h = 16 î»õ�ô»èVíNõ ïÎòqí¯ï»èVí¯ó»õ ðÎï�öhô»è�ôÎóÎò òÎóÎðÎðÎï»è�òÎôÎòÎð�Î� �YÂ �VÃ �&�
H/h = 8 í¯óÎï»è�ð ó�öhô»è�ô»õ ïÎîÎðÎï»ènöÎöYõ í¯ñÎòÎóÎî»èVí¯ðÎôÎò�Ì� ��� �V� �q¹
H/h = 4 îÎñ»è�î ïÎñÎñ»ènöYõ ôÎñÎñ»è�ïÎòÎð òÎïÎñÎñ»èVí¯ñÎîÎî¹ ��Â �~� �q·
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λ0, 3 M λ0, 343 M λ0, 34343

[�gV�u_`i(�Î�u�ÄÃu¨��}\qr^l|gVe�]`c�\qsv\Vo
λ0, 5 z λ0, 5�5 z λ0, 5�565 gVsu�w]ar
l�gVtndP\Yo ρ0

gVs��
M 7 h = 1/128

z
H = 1/4

z
l�ek]ar«�À�u]`r��1�V±� V±q uzu��b�gV_P��]`r�� �ÎÃVÂ�·

M ρ0 λ0, 5 λ0, 565 λ0, 5�565
8 ê 9¯å â:9,øfá¯å ;4<mâ:9,øfá¯å 8 ê 9¯å â:9,øfá¯å ;4<mâ:9,øfá¯å 8 ê 9¯å â:9,øfá¯å ;4<vâ:9,øfá¯å

100 100 ö ïÎï î ö~í î òÎî
101 ï ï�ö ï öhî ï òÎñ
102 í ï»õ í îÎó í òÎñ

101 101 î óqí ò îÎð ò òÎñ
102 ï ï»õ ï îÎð ï òÎñ
103 í òÎï í óÎð í ò�ö

102 102 î íÎí¯ó ò õVí ò ò�ö
103 í òÎï ï óÎð ï ò�ö
104 í òÎî í í¯îÎî í òÎô

103 103 õ í¯ôÎî ò í¯îÎî ò íÎífö
104 ï òÎî ï ð�ö ï õ�ñ
105 í òÎô í ï�öYõ í öhñ

���������>= � �"!$#�%'&(�*)�%'#,+���-/)�&1032,�"! 4 %5&�6879&1)|!$#,6/:Æ;=< 4 %?&(%�?*)�G,@A-8�
I QX�Æ&�7
2 I !Í-��PW -8)u�P%5&�68W/#TSu#,&�68�*)

F−1 = PBKBTP +Q

[�gV�u_`i=���u� ¹R¨��}\qr
l�gVek]ack\qs«\Vo1l�e�\CB�i�tNdfi��5zPl�ek\CB�intndki��X�Tl�ekint�\qs��u]adf]a\qs�in��qinekck]a\qsÌop\qe�ekinxqb�_ÈgYe/��i¯�
t�\qr^l'\Vck]adk]`\qs

H = Hx = Hy
��]adfj{l|gYefgVr^indki�ekc

M = 10, ρ0 = 103,Γ = 1

h H
l�ek]ar=gVe ��b�gV_ l�e�\CBn� l�e�\CBn�Ñ�Tl�ekintV�
��]`r�� ��]`r�� \qbXd��é] �.t�xu�Ä]�� \Vbud��é] � t�xu�Ä]��

�»½VÃV± �  Y±~·�� Ãq· � ±�· � �VÃ
�»½~�  q¹X�Þ� �~�q¹ �  VÂ � ¹h±
�»½Y± Â~�Y±�   VÃq� � �Þ��� � ¹V·

�Î½X�Þ�V  � �q�~�V &� �Ì�VÂ � ÃY± � ±�¹
�»½~� �q�V ~�~� ÃY±~¹ � �Î�X� � �Ì�Y±
�»½Y± �V±q V±�  �ÎÃVÂ�· � �»·R� � �Þ�Y 

 qÂ
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µ8s�b�lul'ine�ek\Î� xq]a�Vi�c�luek]`r
gV_È½Y��b|gV_È½Yt�\Veks�ine¼��]`r^i�s�c�]`\qs5z
ρ0 = 102 z(s~b�r��'ine�]`s�_a\Î�}ine=ek\Î�xq]a�Vi�c«�(� ]adki�ekgYdf]a\qs�c=�^]ad���i�tneki�gYcki�c���]adkjJxqe�\Î��]`s�x@��ins�ck]yd��F\VoZt�\qe�s�i�e�s�\R��i�c{��i�t�gYb�cki¶\Vo

�'iNdkdfine�l�ek\ql�gVx�gYdk]`\qs�\YoÀi�e�ek\qe dkj�ek\Vb�xqj{xq_`\V�|gV_*tn\qeks�inekcn�

[�gY��_`i¼�Î�X�Ï u¨�Ò�b�r^i�ek]at�gV_'ckt�gV_ÈgV�u]`_`]yd���¨À¬8]ackt�e�indk]`§�ghdf]`\Vs�tn\qeke�i�c�l'\qsu��]`s�x¼dk\
¿�]`xqb�e�iw¹Vg

H 1/2 1/4 1/8

H/h = 16 ïÎòqí¯ï»èVí¯óqíNè�ï ðÎï�öhô»è�ôÎñÎð»èVí¯ô òÎóÎðÎðÎï»è�òÎî�öhî»è�ðÎô±~· Ãu� ¹~�
H/h = 8 ó�öhô»è�ôqíNè�ï ïÎîÎðÎï»è�òÎðÎò»èVí¯ô í¯ñÎòÎóÎî»èVí¯óÎôÎð»è�ðÎô�u� ±�Â ·q·
H/h = 4 ïÎñÎñ»ènö~íNè�ï ôÎñÎñ»èVí¯ôÎî»èVí¯ô òÎïÎñÎñ»èÎõ�óqíNè�ðÎô�VÃ �qÃ ±&�

[�gV��_ai¼�Î�u�ÄÂu¨�Ò/bur
inek]`t�gV_*c�t�gV_`gV��]`_a]ad���¨À¬/]`cktnekiNdf]`§�gYdf]a\qs�t�\Vekekinckl�\qs���]as�x¼df\^¿�]axqb�ekiw¹h�

H 1/2 1/4 1/8

H/h = 16 ïÎòqí¯ï»èVí¯îÎî»è�ô ðÎï�öhô»èÎõ�ðqíNè�òÎó òÎóÎðÎðÎï»è�òÎîÎñÎò»èVíföhñ�V� ·Y± ·VÂ
H/h = 8 ó�öhô»èÎõ�î»è�ô ïÎîÎðÎï»è�ò»õ�î»è�òÎó í¯ñÎòÎóÎî»èVí¯ó�öYõÎèVíföhñ�Y  ±�� ±�Â
H/h = 4 ïÎñÎñ»è�òÎî»è�ô ôÎñÎñ»èVí¯ó»õÎè�òÎó òÎïÎñÎñ»èÎõVí¯ð»èVíföhñ��� �u� �q¹

Â~�



[�gV�u_`i¡�Î�X�a�Ì�X¨ÀÒ/bur
inek]`t�gV_5c�t�gV_`gV��]a_`]ad���¨�¬8]`c�t�e�indf]a§�gYdk]`\qs=t�\qe�eki�c�l'\Vs���]`sux¡df\¼¿�]axqb�e�iv¹YtYz�t�\Ri�e�t�]a�Vi
l�ek\q�u_`i�rON�tn\qsuop\qe�r
]as�x¤¿À�

H 1/2 1/4 1/8

H/h = 16 ïÎòqí¯ï»èVí¯îÎò»èVí¯ñ ðÎï�öhô»èÎõ�ôÎî»ènöhï òÎóÎðÎðÎï»è�ò�öhôÎð»èVí¯î�ö�V¹ ±�  ·X�
H/h = 8 ó�öhô»èÎõ�ò»èVí¯ñ ïÎîÎðÎï»è�òÎóÎð»ènöhï í¯ñÎòÎóÎî»èVí¯óÎòÎò»èVí¯î�ö��� �qÃ �q 
H/h = 4 ïÎñÎñ»è�òÎò»èVí¯ñ ôÎñÎñ»èVí¯óqíNènöhï òÎïÎñÎñ»èÎõ�ñÎî»èVí¯î�ö�Î¹ �X� �q¹

�����I# �$# )¶&(�*)u%5#�+���M�QR�"!$#,%5&(�*)�%'#�+�� -/)�&1032,�"! 4 %'&�6879&1)|!$#,68:�M�!$&1)XSXK1)
;
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[(j�]`c�ckintndf]a\qse�i�l�\qe�dkc/c�\qr^iwe�i�c�b�_adkc�op\qe�dfjuiZs~b�r^i�e�]`t�gY_Pck\q_abudf]a\qs{\VoÀdfjuiZr^\X�ui�_Pt�\Ri�e�t�]y�qiZgVs��
cki�r^]`tn\Xinektn]a�qiBtn\qs�d9gVtNd�l�ek\q�u_`i�r df\@]`_a_`b�c�dfekgYdfi�dfj�iBl�i�e�op\qekr
gVs�tniB\Vo¡¿���[(�QPR¬3�´gV_`xV\qek]ydfj�r�z
r=gV]as�_a��]ydfc¡s~b�r^i�e�]`t�gV_}c�t�gV_`gV��]`_a]ad��V�B[(j�i{t�\qr^l�budfgYdf]a\qs�cZ��i�e�i{l'ine�op\qe�r
in��b�ck]as�xBl|gVekgVr
iNdfine
�VgY_`b�inc

ρ0 = 100, α = ρ−1 z Γ = 1
z�gVs��

λ0 = 0
��[(j�iÌc�df\qlul�]`s�xEt�ek]ydfinek]`\Vs�]asËdfj�iÌ�(�

]adfinefgYdk]`\qs
� gVc
||gP (λk)|| < 10−5||d||

�Àµ/_`_*i¯�ul�i�e�]`r^i�s�dfc(��i�e�iZl�i�e�op\qekr^i���]asª�µ1[�¦"µ8³8�
�Ri�_`intndki���e�i�ckbu_adfc^\Vo/dfj�i«t�\qr^l�budfgYdf]a\qs�c¡op\qe¤�YgVe��R]`sux¶�YgV_ab�i�c^\Vo

H
gVs��

H/h
gVeki�xq]a�Vi�s

]`s�[�gV��_`inc��Î�u�y�Ì�h�f�Î�u�y�Î�u��[(j�i�l�e�]`r
gV_}��]ar
ins�ck]a\qs¾½Y�ub|gV_L��]`r^i�s�c�]`\qs|½Ys~b�r¡��i�e�\Yo8tn\qeks�inekc¤gVe�i
eki�tn\qek�ui��¶]`sÌdfjui¼b�l�l�i�evek\Î� ]`sBi�gVt9j¶É�i�_`�B\Yo�dkj�i¡d9gV�u_`i�cnz*��j�]`_aiZdkj�i¤sRbur¡�'inev\Vo�dfj�i^�(� ]ad��
i�efghdf]`\Vs�c�eki�R~b�]aekin�«op\qe�dfj�iwt�\Vs~�Vi�e�xqi�s�tni¼\Vo�dkj�iwck\q_abudf]a\qs�dk\^dkj�i�xV]a�qinsl�e�i�tn]`ck]a\qs�]`c�ekint�\qe���i��
]`s
dkj�i3_a\»��i�e�ek\Î�m�1[(j�i3�ui�l�i�s���ins�t�iv\YoPdfj�i/sRbur¡�'ine \VoP]ydfinefgYdk]`\qs�cL\qs=dkj�i8s~b�r��'ine \VoPc�b��'�u\Y�
r=gV]as�c8]ac8c�j�\Î��s�]asB¿�]`xVb�ekinc¡�Î�u�Ä�uz����u�Ä±uz5��j�i�e�i¼i�gVt9j�_a]`s�iZt�\qe�eki�c�l'\Vs���c3df\{g=ÉX�uin�B�VgY_`b�i�op\Ve
H/h

z�]��ÄiY��df\m\qs�i�e�\»��\Vo�d9gV�u_`iV��[(j�i��Vin�¤l�\q]as~d�]acÀdfj|ghd1dfj�i�s~b�r¡��i�e�\Vo�dfj�i/�(�J]ydfinefgYdk]`\qs�c�op\qe
g¼ÉX�uin�ekgYdf]a\

H/h
�YgVek]ai�c �qine��{r^\X�ui�efghdfi�_y�=��]ydfj�dfj�im]as�t�e�i�gVc�]`s�x¤s~b�r¡��i�e(\Vo�ckbu�'��\Vr=gV]as�c��

[�gV��_`i¼���u�a�V�q¨�Ò/b�r^i�e�]`t�gV_5c�t�gV_`gV��]`_a]ad���¨�c�i�r^]`tn\Xinekt�]y�qiml�e�\q��_`inrSNOt�\qsuop\Vekr^]`s�x¤¿À�

H 1/2 1/4 1/8

H/h = 16 ïÎòqí¯ï»èVí¯îÎò»èVí¯ñ ðÎï�öhô»èÎõ�ôÎî»ènöhï òÎóÎðÎðÎï»è�ò�öhôÎð»èVí¯î�ö±u� ·q¹ Ãq�
H/h = 8 ó�öhô»èÎõ�ò»èVí¯ñ ïÎîÎðÎï»è�òÎóÎð»ènöhï í¯ñÎòÎóÎî»èVí¯óÎòÎò»èVí¯î�ö�V¹ �qÂ ±�Ã
H/h = 4 ïÎñÎñ»è�òÎò»èVí¯ñ ôÎñÎñ»èVí¯óqíNènöhï òÎïÎñÎñ»èÎõ�ñÎî»èVí¯î�ö�h± �Y± �u�

Âu�



[�gV�u_`i¼�Î�u�y�Þ�X¨�Ò�b�r^i�ek]at�gV_'ckt�gV_ÈgV�u]`_`]yd���¨�t�\Ri�e�t�]y�qiwl�ek\q�u_`i�rON�r^\qe�dfgVe(¿À�

N1 N2
�n���º�n�u� �Î�u±0�»��· ±Y�u ¸±Y�'�q�

H1/h1 = 16 ïÎóÎñÎó»è�ðÎî»è�ó ðÎñ»õ�ï»è�îÎï�öYè�ïÎî òÎôÎðÎðÎï»è�ïÎóÎî�öYè�ð»õ
H2/h2 = 25

�q� ·V¹ ¹V 
H1/h1 = 8 õ�îÎñ»ènöYõÎè�ó ïÎóÎñÎô»è�ïÎîÎó»è�ïÎî íÎí¯ïqí¯ó»èVí¯ïÎðÎô»è�ð»õ
H2/h2 = 13

�VÂ ±qÂ ·VÂ
H1/h1 = 4 ï�öhï»è�ïÎò»è�ó ô�öhñ»èVí¯ïÎï»è�ïÎî òÎóqí¯ó»è�óÎïÎñ»è�ð»õ
H2/h2 = 7

�Î· �V± ±�Â

[�gV�u_`im�Î�u�y�Î�u¨�Ò/b�r^i�e�]`t�gY_|ckt�gY_ÈgV��]a_`]yd��'¨"c�i�r^]`t�\Ri�e�t�]y�qi�l�ek\q�u_`i�rTN�r
\qe�d9gVeL¿À�(z�s�\Vs�r
\Ve�d9gYekcL\qs
Γ1
c

N1 N2

�n���º�n�u� �Î�u±0�»��· ±Y�u ¸±Y�'�q�
H1/h1 = 16 ïÎóÎñÎó»è�ðÎî»è�ó ðÎñ»õ�ï»è�îÎï�öYè�ïÎî òÎôÎðÎðÎï»è�ïÎóÎî�öYè�ð»õ
H2/h2 = 25

�qÂ Ãq·  V±
H1/h1 = 8 õ�îÎñ»ènöYõÎè�ó ïÎóÎñÎô»è�ïÎîÎó»è�ïÎî íÎí¯ïqí¯ó»èVí¯ïÎðÎô»è�ð»õ
H2/h2 = 13

�qÃ ·YÃ ¹��
H1/h1 = 4 ï�öhï»è�ïÎò»è�ó ô�öhñ»èVí¯ïÎï»è�ïÎî òÎóqí¯ó»è�óÎïÎñ»è�ð»õ
H2/h2 = 7

��� ��¹ ·~�

�}\Ri�e��1tn\qsuo,�L¿À� �Xi�r^]`tn\Xine��1t�\Vsuo,��¿À�
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¿�]`xqbueki¡�Î�X�Ï�u¨�Ò�b�r^i�ek]at�gV_'ckt�gV_ÈgV�u]`_`]yd��
op\Ve�¿À�1[(� �,¬3���Ltn\qsuop\qe�r
]as�x¤¿À�
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�}\Ri�e���r^\qe�dfgVe(¿À� �Ri�r^]`t�\Ri�en�Àr^\qe�dfgVe(¿À�
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¿�]`xqbueki¼�Î�u�é±�¨�Ò�b�r
inek]at�gV_'ckt�gY_ÈgV��]a_`]yd��^op\Ve�¿À�1[(� �,¬3���Lr^\qe�dfgVe(¿À�
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BI[(j�]`cvc�i�tndk]`\qs�l�e�i�c�i�s�dfcmdfj|ghdvdfj�i¤l�i�e�op\Vekr
gVs�t�i�\Vo}\Vb�em¿À�1[(�QPX¬3��r^indkj�\R�¶�uindfinek]a\qefgYdki�cvb�sR�
_`i�c�c3dfj�i¤e�\»��cmj|g��Vi^su\qekr^cv\Vo�ck]`r^]`_`gVe�\qek��ine�zPc�i�i¤[(j�i�\Veki�r ÂX�Ï��op\qevgYs¶i¯�Xl�_ÈgVs�gYdf]a\qsB\VoLdfj�]ac
l�j�i�su\qr
ins�\qs*�

�R]`s�tni�dkj�i{r
\qe�d9gVe¼tn\qs���]ydf]a\qs�c^gVeki{\qsu_a��e�i�_Èghdfi��@df\¶]`s�dki�ek]a\qe¼s�\R��i�c^\qs@dfj�i�s�\qsur
\qe�d9gVe
i���xqinc�z�d���\�iN�Rdkefgmt�\qs��u]adf]a\qs�c1gYeki(s�int�i�c�cfgVe��¤df\mi�suop\Vekt�i�s�\qsul'ins�indkefgYdk]`\qs^gYd1dkj�i(É|ekc�d}gYs��¤_ÈgVc�d
s�\X�ui�c�\qs

Γc
�1µ8_`_'dfj�inckiw]`s�iWRRb�gV_`]yd��=tn\qs�c�dkefgV]as�dfc�t�gVs���im��e�]ad�dfi�s{]as�r
gYdkek]y�
op\qe�r¡b�_Èghdf]`\Vs�gVc

BIu ≤ 0,

��j�i�e�i
BI

j�gVc1\qs�i(s�\Vekr
gV_`]a§�i���j�\qek]a§�\qs�dfgV_X�u_`\Rt9�
Bγm

op\qeÀi�gVt9j¤s�\qs�r^\qe�d9gVe�ck]`�ui
γm
z~gVsu�¤d���\

r
\qe�i}e�\»��cÀop\Ve�dfj�i(su\qs�l�i�s�iNdfefghdf]`\Vs¡t�\qsu��]adk]`\qs�c�gYdÀdkj�i(i�s��ul'\q]as�dfcÀ\Vo
Γc
��µ/_`c�\�zq_`iNd

B#
I

��i}dkj�i
r=gYdkek] �^j|g��X]as�x¼\qs�ivsu\qs�s�\qe�r=gY_`]`§ni��
��_`\Rt9�

B#
γm

op\qe i�gYt9j�su\qs�r^\qe�dfgVe
γm
zudf\Vxqindkj�i�e}��]ydfj�dkj�i

d��}\^iN�Rdfekg^e�\Î��c/gYc���inop\VekiV�YX�imckj�\Î��i��dkj�i�\Vekindk]`t�gV_`_y�
]as«�}j|gVludki�e�Â
gYs��{iN�Xl'inek]ar
ins~dfgV_`_y�=]as
]`s�dfju]`c c�i�tndk]`\qs�dkj|gYd(dkj�iv¿À�1[(�QPX¬3�ËgV_`xq\Vek]adkj�r b�c�]`s�x¼dfjuivr=gYdkek] �

B#
I

]`s�c�dfi�gV��\Vo
BI

eki�c�b�_adkc
]`s¶g�s�\qs�c�t�gV_`gV��_`i¤gY_`xq\qe�]adkj�r«z���j|gYdw]`cml�e�i�c�i�s�dfin��]`sBd9gY��_`iYz*��j�i�e�i^dkj�i
tn\qs��qinekxqins�t�i
eki�c�b�_adkc
op\qe}dfjui3t�gVc�im\Vo�r=gYdkt9j�]`sux¡ckb�����\qr
gV]as�c gVtnek\qc�c

Γc
op\Ve}dfj�ivt�gVcki3��jui�s

BI

]`c s�\Yd(s�\qe�r=gV_a]`§ni��*z
op\qe8dfjui^t�gVcki¼��j�ins�dkj�i¼s�\qs�r^\qe�d9gVe3c�]`��incv�}ineki^t9j�\qckins¶dk\{�'i¤\qs

Γ1
c

z�gVs��Bdfjui^tn\qs��qinekxqins�t�i
eki�c�b�_adkc¼op\qe¡dfj�i�gV_axq\qe�]adfjur ��]ydfj@s�\qe�r=gY_`]`§ni��

BI

��[(jui�cki«ekinckb�_ydfc^gVeki�tn\qs�c�]`c�dki�s�d^��]adfj�dkj�i
t�\qs��u]adf]a\qs�s~b�r¡��i�e�i�c�df]ar=gYdki8opek\Vr [(j�i�\Veki�r^c�Âu�y�ZgYs��ÂX�Ï�u�

µ/s�i¯�Xl�_ÈgVs�gYdf]a\qsÌ\VoLdfj�]acvefgYdkj�i�evc�b�ekluek]`c�]`s�x{e�i�ckbu_adm]`c/dfj|gYdvdkj�i�e�i¤]`cvs�\{��]aeki�tNdmckt�gV_`]as�x�\Vo
r¡b�_adk]`l�_a]`t�gYdf]a\qs�c8���¶dfj�i
r=ghdfek] �

B
]asE\qb�eZgV_axq\qek]ydfj�r�z�gVcZ]adm� gYc�dfj�i
t�gVc�i=op\qew\Vdfjui�e¡¿���[(�

gV_`xq\Vek]adkj�r^c�zu��j�ineki�g^o gVtNdf\qe�\Vo�dkj�iZop\Vekr
(BBT )−1 gYl�l'i�gVekin�]as�dkj�i���iNÉ|s�]ydf]`\Vs«\Vo�dfj�iwl�eki¯�t�\qs��u]adf]a\qs�inekc��

µ/s�b�l�l�i�e
ek\Î� \Vovop\q_a_`\Î��]`suxÌd9gV��_ai«xV]a�qinc�l�e�]`r
gV_ ½Y�ub|gV_ ½ht�\qe�s�i�e¡�u]`r^i�s�c�]`\qs*z�s~b�r¡��i�e=]as
_`\Î�}ine(ek\Î�ÆxV]a�qinc/�(�Í]adfinefgYdk]`\qsuc}op\qe(s�\qe�r=gY_`]`§ni��=�Rcn��s�\Vs�s�\qe�r=gV_a]`§ni��

BI

Âq�



[�gV�u_`iw�Î�u�y��±�¨ÀÒ�b�r^i�ek]at�gV_¾c�t�gV_`gV��]`_a]ad��¡op\Ve�tn\Xinekt�]y�qi/r
\qe�d9gVe�¿À���Às�\qekr
gV_a]`§�in�¼�Xcn��s�\qs�s�\Vekr
gV_y�
]`§�in�

BI

N1 N2

�n�'� �N�5� �Î�¢�µ�»��� ±h�u±¸±Y�X±
H1/h1 = 16 ðÎóÎî»èVíNõÎè�ñ òÎôÎóÎñ»èVí¯ôÎô»èVí¯ñ í¯î�öÎöhñ»è�ðÎðÎô»ènöhï
H2/h2 = 25

�ÎÃ��e�q· �X�v���VÃq  Ã~���«¹Y±��
H1/h1 = 8 ï»õÎõÎè�ð»è�ñ íÎí¯ñÎô»è�ðÎï»èVí¯ñ öÎöhòÎï»ènöhôÎó»ènöhï
H2/h2 = 13

�q�3�'��± �YÃ¡�B�q�Î  ±�Ã��e�VÃq�
H1/h1 = 4 ôÎð»è�î»è�ñ òÎîÎó»ènöÎöYèVí¯ñ íföhï�öYè�ïÎòÎñ»ènöhï
H2/h2 = 7

Ã¡�{  ���¡��±�  �Y ¡�B�Ì�qÃ

�����I# �>= )¶&(�*)u%5#�+���MÀQX�"!$#,%'&(�*)�%5#�+��Ì-/)�&1032,�"! 4 !$&1)XSXK1)=;
< 4 >@?BAC?ED�?@G
H &L68!$&1)XSXK1)�Q�&�6

Γ1
c

+(Q'�
Γ2

c��sdfj�]ac8c�i�tndk]`\qs5z'��i¼eki�l�\qe�d3ekinckb�_ydfc�op\qe/dkj�i¡s~b�r^i�ek]at�gV_�ck\V_`budk]`\qs�\Vo1dfjui¡r
\R��in_�tn\Xinektn]a�qi¡gVs��
cki�r^]`tn\Xinektn]a�qi�tn\qs�d9gVtNd}l�e�\q��_ai�rÍdk\Z]a_`_`buc�dfekgYdfi dkj�i�l'ine�op\qe�r=gVsut�i�\Vo*\Vb�eL¿À�1[(�QPX¬3�@gV_`xV\qek]ydfj�r��
[(j�imxq\�gV_ac(\Vo�\Vb�e(iN�Xl�i�ek]ar
ins�dfc(�}inekiZgVc(op\q_`_a\Î��c�¨

•
df\¤inc�d9gY��_`]ackj{s~b�r
inek]at�gV_*iN�R]`��ins�t�imop\qe dfjuiwc�t�gV_`gV��]a_`]ad��^\Vo�dfjuiZgY_`xq\qe�]adkj�r 7

•
df\�tn\qr
l�gVeki�dkj�i{l'ine�op\qe�r=gVsut�i�\Vo/dfj�i{r^indfju\X��op\qe¡dkj�i{t�gVc�i�c¤��j�i�s�dfj�i{ckbu�'��\Vr=gV]as
l|gVe�df]adk]`\qsuc \Vo

Ω1 gVsu� Ω2 r=ghdft9j*z|\qe(�u\
s�\Yd�r=gYdkt9j*z|gVtnek\qc�c Γc
z�dkj�iml'\Ydfi�s�dk]ÈgV_*tn\qs�d9gVtNd

]`s�dfine�o gVtni 7
•
df\m]as~�Vi�c�df]`xqgYdfi dkj�i���i�l�i�s��ui�s�tni/\Vo�dfjui�tn\qs��qinekxqins�t�i/\qs¼dfj�i(t9j�\V]`t�i�\Vo's�\qsur
\qe�d9gVe�ck]`�ui�c
i�]ydfj�ine(\qs

Γ1
c

\qe�\qs
Γ2
c

�
¿|\qe�dfj�i�t�gVc�i¡��j�i�sBdfjui¡ckb�����\qr
gV]asl|gVe�df]ydf]`\Vs�c3gVtnek\qc�c

Γc
r=ghdft9j*z5��i¼l|gVe�df]ydf]`\Vs�i��«�'\Vdkj

Ω1 gVs�� Ω2 ]`s�dk\ 1 × 1
z
2 × 2

z�gVs��
4 × 4

cZR~b|gVekinc�zÀe�i�c�l'intndf]y�qin_a�qz�t�\qe�eki�c�l'\Vs���]`sux�dk\
H1 =

H2 ∈ {1, 1/2, 1/4}
�L[�\=g��q\q]a�l�i�e�opintndk_a�{r
gYdft9j�]as�x^r
inckj�inc�z¾dfj�iws~b�r¡��i�e8\YoÀs�\R��i�c/\qsi�gVt9j

ck]`�uiw\Yo�dkj�iZcZR~b|gVekiwckbu�'��\Vr=gV]as�c �}gVc/t9ju\qckinsdf\¤��i
H1/h1 ∈ {4, 8, 16}

zX]`s
Ω1 z|tn\qeke�i�c�l'\qsu�X�]`s�x{df\

H2/h2 ∈ {7, 13, 25}
z�]as

Ω2 �{��s�[�gV��_ai«���u�a�Î·Xz���i=e�i�l�\qe�dZdfj�i
]adfinefgYdk]`\qs�tn\qb�s�dfc�op\Vet�\Ri�ektn]a�Vi
gYs���c�i�r^]`tn\Xinekt�]y�qi¼l�e�\q��_ai�r�zP] �éiV�¡dfjui^s~b�r��'inew\Yo�dkj�i
�(�¸]adfinefgYdk]`\qsuc3ekiWRRbu]`ekin�¶op\Ve
dfj�i�t�\qs��Vi�ekxVi�s�tni3\Vo5dkj�i�ck\q_abudf]a\qs¤\Vo5dkj�i/luek\q��_ai�rÍdk\wdkj�i�xq]a�Vi�s^l�ekint�]`c�]`\qs5zXgYcL��i�_a_'gYc�dkj�i�ck]`§ni
\Vo�dkj�i¼l�e�]`r
gV_�l�e�\q��_ai�r�z*\VoLdfj�i¼��b�gV_1l�ek\V��_`inr«zPgYs��Bdfj�i¤s~b�r¡��i�em\Vo�xq_`\V�|gV_�t�\qe�s�i�em��inxqekini�c
\Vo"opeki�in��\qr�zu]��ÄiY��dfj�ivc�]`§niv\Vo"dfj�i3tn\�gVe�ckivl�e�\q��_`inr tn\qeke�i�c�l'\qsu��]`s�x¼dk\¼ck\q_y�X]as�x¼g¡_a]`s�i�gVe�c��Rc�dfinr
op\qe

K∗
cc

z�op\qe(i�gVt9j�l|gVe�dk]adk]`\qs��ui�cktnek]a�'in�ÌgV��\Î�qiV�
[(jui�gV_axq\qe�]adfjur tn\qs��qinekxqin�BgYo dfine�g^e�i�gVc�\qs|gV�u_a��c�r=gY_`_*s~b�r¡��i�e�\Vo�]adki�ekgYdf]a\qs�c�zRop\qe�gV_a_*l|gVe,�

df]adk]`\qsuc(t�\qs�c�]`��inekin�*��¿¾\Ve�ÉX�uin�Ìs~b�r¡��i�e/\VoÀs�\R��inc8l�i�e�ckb�����\qr
gV]`s�i��uxqiVz�] �éiV�}op\Ve
H1/h1

gVs��
H2/h2

ck]ar¡b�_adfgVs�in\qb�ck_y�ÌÉu�Xi��5z�dfj�i
s~b�r¡��i�e�\Yo ]adki�ekgYdf]a\qs�cm]`s�tneki�gVckin��r
\R��inefgYdki�_a���j�i�s�dkj�i
sRbur¡�'ine \Vo�ckbu�'��\Vr=gV]as�c[R~b|gV�uekb�l�_ai��*�1[(j~b�cnz¾sRbur
inek]`t�gV_�ckt�gY_ÈgV��]a_`]yd��¤\Vo�\qb�e r^indkj�\X���}gVc(\q�R�
cki�e��qin��op\qeZl�efgYtndf]at�gV_�gVl�lu_`]`t�gYdf]a\qs�cnzÀgVs�����i�r
gÎ�¶]asuopi�ewdfj|gYd�dfj�i�bus�ckl�i�tn]aÉ|in��tn\qs�c�d9gVs�dfc¼]as
dfj�in\qekinr
c(��i�ekims�\Yd��Vi�e��{_ÈgVe�xqiV�

ÂV±



[�gV�u_`i��Î�u�y�»·X¨F�}\Vs~�Vi�e�xqi�s�tni�ekinckb�_ydfc�¨Fr
gYdkt9j�]`s�x�ckbu�'��\Vr=gV]asJl�gVe�dk]adf]a\qs�c{gVtnek\qc�c
Γc
zmt�\Ri�e,�

t�]a�ViÎ½Yc�i�r^]`tn\Xinekt�]y�qivl�e�\q��_ai�r
Ò/\qs�r^\qe�d9gVe�c(\qs

Γ1
c

Ò/\Vs�r
\Ve�d9gYekc(\qs
Γ2
c

N1 N2
H1

h1

H2

h2

�Tdfine l�ek]ar«�.�ub|gV_ t�\qen� �Tdki�e luek]`r�� ��b|gV_ t�\Ve��
1 × 1 1 × 1

± ¹ Ã�½»�  VÂ · � �Î��½»�  qÂ   �
  �Î� �q�»½»� �q¹q¹ Â � �ÎÂq½»� �q¹q¹ ��± �
�ÎÃ �q· �ÎÃ�½»� ÂqÃ�· �»¹ � �q·V½»� ÂqÃ�· �YÃ �

2 × 2 2 × 2
± ¹ ����½~�Y± ��·YÃ ±q± Â �~��½Y±u� ��·VÃ ·�� Â
  �Î� �VÃ�½V�~� �V�Ì�q  Â&� Â �qÃq½q·Y± �q�Ì�q  �Ì�~� Â
�ÎÃ �q· �u�»½Y±V± �V qÃ~� �Î q  Â ·X�Î½q·Y± �q qÃ~� ���VÃ Â

4 × 4 4 × 4
± ¹ �Y �½V�qÂ ��±²�h± �Y�~� �qÂ ±²�q½Y±�· ��±²�Y± �Y±²� �qÂ
  �Î� ±�Ã�½Y±q� ±V±��&� ±� qÃ �qÂ Ãq�q½VÃ&� ±q±��&� ·��VÃ �qÂ
�ÎÃ �q· Ã~��½q·YÂ �»·Y±V±&� ÂqÂq  �qÂ ¹Y±�½V �· �»·Y±q±&� �Ì�q�Y± �qÂ

[(juickt�gV_ÈgY��]`_a]ad���\Vo3dfjui«r^indkj�\X��� gYc=\q��c�i�e��qi���op\qe
��\Vdkj���j�insËdfj�i�s�\qsur
\qe�d9gVe�c¼�}ineki
t9j�\qckins�\qs

Γ1
c

z}gVs���\qs
Γ2
c

��[(j�i«��]�\'i�e�i�s�tni��ind���i�ins�dfj�i{d��}\Er
iNdfj�\R��c^]`c¤xq]a�Vi�s��~�@dkj�i
sRbur¡�'ine8\VoÀr
\qe�d9gVe�tn\qs���]ydf]`\Vs�c�z'gVs���dfj�inekinop\Veki¡\Vo1¦�gYxqefgVsuxqiZr�b�_adk]`l�_a]`i�e�c

λI
gVs��dkj�i�c�]`§�iZ\Vo

dfj�i���b|gV_¾l�e�\q��_ai�r���µ8_a_�dfj�incki/sRbur¡�'inekc}gVeki�_ÈgYekxqine���jui�s=dkj�i/su\qs�r^\qe�dfgVekcLgVe�i/t9j�\Vcki�s=\qs
dkj�i
i���xqinc���]ydfj
É�s�i�e�_`\Rt�gV_|r^i�c�j*zu]��ÄiY�À\qs

Γ2
c

�1[(jui8s~b�r¡��i�e�\VoP]adki�ekgYdf]a\qs�c1]`s^dfj�]ac�t�gVcki�� gYc _ÈgVe�xqi�e
�~�«gV��\qbud3·�� ] dkj|gVsÌ]as�dkj�i�t�gVckiZ��j�i�sdkj�i�su\qs�r^\qe�dfgVekc��}inekiZt9j�\qckinsB\qsdkj�i�tn\�gVekc�i�e/_`\Rt�gV_
r
inckj*z�] �éiV��\qs

Γ1
c

��[(j�]ac��}gVc3��bui�]`s«l|gVe�d/dk\=dfj�iwo gVtnd�dfj�gYd/dkj�i�su\qs�l�i�s�iNdfefghdf]`\Vst�\Vs���]adk]`\qsuc
j|gV�Er^\qe�i
\Vo(g_`\Rt�gV_1s�gYdfb�e�i=]as�dfjui=t�gYcki=\Yo�g«É|s�ine�_a\Xt�gV_1r
inckj*zÀgVs���dkj�i�e�inop\qe�i=_a]adkdk_`i¡�}gVc
x�gV]`sui��B���Ìj|g��R]`sux�r
\qe�i¡ckbut9j�tn\qs���]ydf]`\Vs�c��m[(j�]acvj�\q_`�uc8dfe�b�i¡��]adkj*z*l�\qckc�]`��_y�qz5dkj�i¼iN�Xt�inludf]a\qs
\Vo�g¼dk\X\¤tn\�gVekc�ivr
inckj�\qs�dfj�ivsu\qs�r^\qe�dfgVe ck]a��i�cnz|] �éiV�

H1 ^ �v��]adkj H1/h1 = 2
\Ve
H1/h1 = 3

�
��dkj�]`c8t�gVc�iVzPl�i�s�iNdfefghdf]`\VsÌr=g��«in�Vi�s¶\Xtnt�b�ev��bui�df\�dkj�i¼_ÈgVt9��\VoLs�\qsul'ins�indkefgYdk]`\qsÌtn\qs���]ydf]a\qs�c��
XEimt9j�\R\qckim��]acktn\qs�df]`s~b�\Vb�c(dfi�c�d�opb�s�tndk]`\qsuc�tn\qeke�i�c�l'\qsu��]`s�x¼dk\¤dkj�im��]`\Ve�dfju\qxq\qs|gY_5r^\qe�dfgVekcn�

¿|\qePdkj�i}t�gVcki���j�i�s¡dkj�iLl|gVe�dk]adk]`\qs�c"gYt�ek\Vckc
Γc
�u\/s�\Yd�r
gYdft9j5zY��i}l|gVe�df]ydf]`\Vs�i��

Ω1 ]as~dk\ 1×2
z

2×4
z~gVs��

4×8
e�i�tndfgVs�xq_ai�cnzRtn\qeke�i�c�l'\qsu��]`s�xvdk\vl|gVe�dk]adk]`\qs�c�\Vo

Ω2 ]`s�df\ 1×3
z
2×5

z~gVs��
4×11eki�tNd9gVsuxq_`inc�zPekinckl�i�tNdf]a�Vi�_y�q�¡[(j�i¼s~b�r��'inev\Vo}su\X��incv\qs�i�gVt9j�c�]`��i¼\Vo�dkj�i¼c_R~b|gVe�i¤ckb�����\qr
gV]`suc

� gVcZt9j�\qc�i�sEdk\��iVzÀgY_adfineks|ghdf]a�Vi�_y�qz"]`s¶dfj�i^ckiNd
{4, 8, 16} × {7, 13, 25} 7 ckini=[�gV��_`i��Î�u�y�ÎÃ�op\qer
\qe�i���indfgV]`_ac�op\VeLtn\Xinektn]a�qi8gVs��
cki�r^]`tn\Xinektn]a�qi�l�e�\q��_`inr«��µ8c��'iNop\qekiYz~dkj�i8]ydfinefgYdk]`\qs¤t�\Vb�s�d�zXgVs��

dfj�imck]a§�inc�\Yo�dkj�iml�ek]ar=gV_5gVs��{��b|gY_Pl�ek\q�u_`i�r^c�z�gVs���\Vo�dkj�imt�\�gYekckiml�e�\q��_ai�r gYekimekinl'\qe�dfin�*�
¿|\qemÉu�Xi���s~b�r��'ine�\Vo�s�\R��inc�l�i�e�c�b�����\qr
gV]`s¶i���xViVz1] �éiV�{op\qe

H1/h1

gVs��
H2/h2

ck]`r�b�_y�
d9gVs�in\qb�c�_a��Éu�Xi��5z dfj�i�s~b�r¡��i�e^\Vo3]ydfi�ekgYdf]a\qs�c¤]`sut�eki�gVckin�Ër^\X�ui�efghdfi�_y����j�insËdfj�i�s~b�r¡��i�e^\Vo
ckb�����\qr
gV]`suc8ek\Vb�xqj�_y�`R~b|gV�uekb�l�_ai��*�m[(j~b�cnz�s~b�r^i�e�]`t�gV_�c�t�gV_`gV��]`_a]ad��{\Vo�\Vb�e3r^indfju\X�Ì�}gVcv\qs�tni
gVx�gV]as^\V��ckine��qin�*zu]as���inl'ins���i�s�d�\Vo5��juindfjui�e�dkj�i�s�\qs�r^\qe�dfgVe1ck]a��i�c���i�eki�t9j�\qc�i�s�\Vs

Γ1
c

zRgVs��
\qs
Γ2
c

��[(jui¡s~b�r¡��i�e8\Yo1]adki�efghdf]`\Vs�c � gYc3\qs�tni¡gVx�gY]`s�_ÈgVe�xqi�e(��j�insBr
\qe�ims�\qs�l�i�s�iNdfekgYdf]a\qstn\qs���] �
df]`\Vs�cL��i�e�i3ekiWR~b�]`e�i��*zR] �éiV����jui�s�dfjui8s~b�r¡��i�e�\VoPs�\R��i�c�\qs=dkj�i8s�\Vs�r
\Ve�d9gYekc1� gYc _ÈgVe�xqi�en��[(j�]ac
� gVcm��bui^dk\{dkj�i¼o gVtndmdkj|gYd�zPop\qemg�r^i�c�j¶dkj|gYdw]`c3É|sui
ins�\qb�xqj5z�c�\qr^i^\Yo�dkj�i¤s�\qs�l�i�s�iNdfekgYdf]a\qs
t�\qs��u]adf]a\qs�c3��i�tn\qr^i¼_`i�c�cvekin_`in�YgVs�d��¼��s�dkj�i¤iN�Xl�i�ek]ar
ins�dfcvl�e�i�ckins�dfi���gV�'\Î�ViVzPdfj�i¼e�\Î��cw\Yo�dkj�i
r=gYdkek] �

BI

��i�ekiws�\qe�r=gY_`]`§ni��{gVc(�u]`cktnb�ckc�i��Ì]as��}j|gVludki�e/Âu�

Â�·



[�gV�u_`i=���u�a��Ãu¨��}\qs��qinekxqins�t�i¤ekinckb�_ydfcn¨/s�\Vs�r=ghdft9j�]as�x=c�b��'�u\qr=gY]`sl�gVe�dk]adf]a\qs�c/gVt�e�\qckc
Γc
z't�\Ri�e,�

t�]a�ViÎ½Yc�i�r^]`tn\Xinekt�]y�qivl�e�\q��_ai�r
Ò/\qs�r^\qe�d9gVe�c(\qs

Γ1
c

Ò/\Vs�r
\Ve�d9gYekc(\qs
Γ2
c

N1 N2
H1

h1

H2

h2

�Tdfine l�e�]`r�� �ub|gV_ t�\qen� �Tdfi�e l�ek]ar«� ��b|gY_ tn\qe��
1 × 2 1 × 3

± ¹ �Î·q½~��� �Y±&� �V� · ±��»½h±~· �Y±²� ��· ·
¹ ± �V �½~�YÂ ���q� �VÃ · �Y��½~�V  ���V� �V� ·
  �Î� �VÂ�½V�VÃ ¹q·�� ±~¹ · ±q �½q·Y± ¹q·�� ÃqÂ ·
�Î�   ��¹q½Y±V± Ãq��· ·~� · �VÃ�½V�q  Ãq�q· ±�Â ·
�ÎÃ �q· �q��½V�VÂ �YÃ~�qÃ Â�· · Ã���½V &� �VÃ~�VÃ ����¹ ·
�q· �ÎÃ ±��»½Y±�¹ ���X�ÎÂ �Ì�V± · ±u�»½Y±�  �~�X��Â ���u� ·

2 × 4 2 × 5
± ¹ �Y±~½V��¹  V±~� �Ì�~� �~� ·~�q½YÃ~�  V±&� ��±&� �~�
¹ ± ±���½q·YÃ ¹VÃ&� �Þ�q· �~� ·��q½Y±q± ¹VÃ~� �V�ÎÃ �~�
  �Î� ±�Â�½q·YÃ �YÃ~�q  �q·VÃ �~� ÃV �½q¹VÃ �VÃ~�V  �Y q  �~�
�Î�   ·V �½VÃV  �Y��¹V  �VÃu� �~� ·R�»½q·VÃ �V��¹Y  �h±�  �~�
�ÎÃ �q· ·q¹q½VÃq· Â���¹~� ·~�Y± �~� ·q¹V½X�Ì�~� Â~��¹�� ·Y V± �~�
�q· �ÎÃ Ã�¹q½VÂX�  ~�VÂq  ·V�q� �~� ÃV��½VÃq   &�VÂV  ·R�Þ� �~�

4 × 8 4 × 11
± ¹ ±�Â�½q·~� �qÃX�ÎÃ Ã&��� Â�� Ã�·V½V ~� �qÃu�ÎÃ ÃqÃ~� Â~�
¹ ± ·VÃ�½VÃ�� �X��±�  ·V u� Â~� ·���½q·V� �u��±q  ·YÃqÃ Â~�
  �Î� ·VÂ�½q¹�� �q�Ì�X�ÎÃ �Ì�VÂq  Â~�  q q½X�q�Þ� �q�Þ�X��Ã �Î��¹h± Â~�
�Î�   ¹X�»½V VÃ ÂV q�qÃ �Ì�V�q� Â~� Ãq·q½q¹X� Âq q�VÃ �Þ�X��± Â~�
�ÎÃ �q· ¹V �½»� �q VÂqÂ&� �YÃ�·Y± Â~� �Þ�V·q½»� �q qÂqÂ~� �q¹VÂV  Â~�
�q· �ÎÃ ÂV±~½»� �V±q�V±�  �V·V��¹ Â~� Â���½»� �V±��V±q  �q·X��� Â~�

�����I# �$a )¶&(�*)u%5#�+��Ç-/)�&1032,�"! 4 %'&�6879&1)|!$#,68:�;=< 4 >@?BAC?EDF?@Gb)¶&L! +
-8K�)u#,QX&�6 &L7=;=<c@ed + ��Mv;=<c@ed + # K�6/W ;
<c@Ad +Cf ?

[�gV�u_`iB�Î�u�y�»¹X¨{Ò�b�r¡��i�e¼\Vo3�(� ]adki�e�c���\Vo3Óv��ª«���m� op\qe¤¿���[(� �f�qz�¿À�1[(� �L�Xz�¿À�1[(� �,¬3�Íop\Ve
Éu�Xi��

1/H = 6
gVsu�«��int�e�i�gVc�]`s�x

h

1/H ó ó ó ó
1/h ö ô í¯ï í¯óg è�h�è�i í¯ôÎñÎñ»è�î»õ�î»è�ñ îÎôÎòÎï»èVí¯ñ»õ�ð»è�ñ í¯ïqí¯óÎô»èVí¯îÎôÎò»è�ñ ïÎñÎôÎñÎô»è�ïÎñÎô»õÎè�ñ¿À�1[(� �f�q¨L�(� �q  ·�� Ãq� Ãq¹

g è�h�è�i í¯ôÎñÎñ»è�î»õ�î»èVí¯ðÎñ îÎôÎòÎï»èVí¯ñ»õ�ð»èVí¯ðÎñ í¯ïqí¯óÎô»èVí¯îÎôÎò»èVí¯ðÎñ ïÎñÎôÎñÎô»è�ïÎñÎô»õÎèVí¯ðÎñ¿À�1[(� ���X¨L�(� �Y± ±~· Ã~� Ãq¹
g è�h�è�i í¯ôÎñÎñ»è�òÎôÎî»è�ðÎñ îÎôÎòÎï»è�ôÎôÎð»è�ðÎñ í¯ïqí¯óÎô»èVí¯òÎðÎò»è�ðÎñ ïÎñÎôÎñÎô»èVí¯ôÎð»õÎè�ðÎñ¿���[(� ��¬3�(¨'�(� �V� ��¹ ±�� ·R�
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�3j|g��qi
]`r^l�_`inr
ins~dki��¶¿À�1[(� �9�
gVs���[�¿À�1[(� �9�
]`sEªgYdf_`gV��¹«gVsu�EgVlul�_`]ai��¶�'\Vdkj�r^indkj�\R��cwdk\
dfj�i¤ck\V_`budk]`\qs�\Vo�ck]ar
l�_ai��V¬Ár
\R��in_1l�ek\q�u_`i�rº��i�c�t�e�]`��i��E����cZRRb�gVeki

Ω = (0, 1) × (0, 1)
gVs��

]adfc8ck\q_abudf]a\qs]ac3]`_a_`b�c�dfefghdfi��]`sB¿�]axqb�e�i��Ì�u�y�¤g�®Nz5�¾®Nz*]ydfc3�ui�t�\Vr
l�\qck]ydf]a\qsBgVs��B�u]`cktnekiNdf]`§�gYdf]a\qsÌ]ac
��efg���s^s�i�gVe�]as
¿�]`xqb�e�iv�Ì�u�s�vgVs��
¿�]`xqbueki3�Ì�X�Ï�v��inr
\qsuc�dfekgYdfincLd���\ZgVl�l�e�\�gVt9j�inc�\Vo'l�e�i�cktnek]a�udf]a\qs
\Vo�¬8]aek]`t9ju_`indw��\qb�s���gVe��¶t�\Vs���]adk]`\qsucm�3g�®3dfj�i
t�_ÈgYckck]at�gV_�\qsuiB© \Vek]`xV]`s|gV_À¿À�1[(� �9�»®¯z��¾®vdfj�i^s�in�
\qs�im���{¦"gVxqefgYs�xqivr¡b�_ydf]al�_`]ai�ekc8© [�¿���[(� �f�»®N�

[�\¼dfj�]ac i�su�*zu��iwj�gÎ�Viv]`r^l�_`inr
ins�dfi���gV_`xq\Vek]adkj�r$df\¼c�\q_a�Vi3dfj�iv��gVck]at3��b|gV_5l�ek\q�u_`i�r ©����u� ·V®
ck\¤dfj|gYd(��imt�\qbu_`�{l�_`bux^]as�dfj�iml�e�\CB�i�tNdf\qe�c�dk\^dkj�ivs|gYdkb�efgY_Pt�\�gVe�ckimckl�gVt�iY�

[�gV��_ai¼�Î�u�y�Î u¨1Ò�b�r^i�ek]at�gV_5ckt�gY_ÈgV��]a_`]yd��^op\Ve dfj�im_`]as�i�gYeB�V¬Or
\R��i�_5l�ek\q�u_`i�r�z|Óv�Lª�L�m�
H/h H h

l�e�]`r�� ��b|gY_"¿À�1[(� �9� �ub|gV_P[�¿À�1[(� �9� �(�Í¿À�1[(� �9� �(��[�¿À�1[(� �9�
� �»½�� �Î½Y± �qÃ �q� �»¹ ¹ ±
� �»½h± �Î½V  ��±q± Ãq� ¹q· �Þ� ·
� �»½Y  �Î½X�ÎÃ ·q¹VÃ �V q¹ �X�q� �Î� ¹
� �»½R�ÎÃ �Î½V�&� �V�~�V± �Þ�X�Î· �Þ�YÃq� �»· �V�
± �»½�� �Î½V  �Ì�~� �ÎÂ �VÂ Â Â
± �»½h± �Î½X�ÎÃ ±&�~� �q�V� ���u� �ÎÃ �Ì�
± �»½Y  �Î½V�&� �ÎÃ~�~� ·X�V� ·V·X� �Î  ��Ã
± �»½R�ÎÃ �Î½VÃV± ÃV±&�~� �X�»¹V· �~�V·q· ��� �R�
  �»½�� �Î½X�ÎÃ �&�Y± ��· ·V� ��± Â
  �»½h± �Î½V�&� �Þ�VÂqÃ ���q¹ �h±�� �~� ��±
  �»½Y  �Î½VÃV± ·X�Î V± Â�·YÂ �Ì�V�u� �Y± ���
  �»½R�ÎÃ �»½R�Þ�V  ����¹V�qÃ ±&�qÂq· ±²�Y�qÂ �V� �Y�
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¿�]axqb�eki��Î�u�Ï·X¨�Ò/b�r^i�e�]`t�gV_*ckt�gV_ÈgY��]`_a]adf]ai�c�op\qe�¿À�1[(� �9�wgVsu�«[�¿À�1[(� �f�
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µ8c(r^i�s�df]a\qs�i��5zu�Ll|gVe�dk]`tn]`l|gYdki���]as�]`r^l�_`inr
ins�d9gYdk]`\qs^\Vo�[�¿À�1[(� �9�wgVs���¿À�1[(� ��¬3��op\qeB�Y¬ÅgVs��
�q¬´t�\qs�d9gYtnd^l�ek\V��_`inr
c¤gVc¤]as@¿�]`xqbuekiB�Ì�u�é±¶gVs��Ê�Ì�u�Ï·X�qX�i�]`r^l�_`inr
ins�dfi���d���\�¿À�1[(�¡�|gVc�i��
gV_`xq\Vek]adkj�r^c3op\qewdkj�i=c�\q_`bXdf]`\Vs�\Vo t�\qs�d9gYtnd¡luek\q��_ai�r^c�z�b�ck]as�x«dkj�i=e�i�cki�gVekt9j�c�\Vo d��}gVeki=��ju]`t9j�]ac
�'in]`s�x¤��iN�qi�_a\ql�i���]`s«�Rd9gYsuop\qek�5�

[(jui�É|e�c�d^\qs�iYz ¿À�1[(� ��¬3�L�8zL]ac¼�|gVc�i��Ë\VsË¿À�1[(� ��¬3�Í��\qr
gV]as���i�tn\qr
l�\qc�]adf]a\qs�r^indfju\X�*�
[(j�i^gV_`xq\Vek]adkj�r´b�c�i�cmdfj�i¤Ò�in�(df\VsX��_a]`�Vi�r
iNdfj�\R�Ì��j�]`t9j¶ck\V_a�qincvdfj�i¼iWRRbu]`_`]a��ek]ab�r i�R~b|gYdk]`\qsB]as
¦�gYxqefgVsuxqi¡r¡b�_ydf]al�_`]ai�ekc�]`sÌdkj�i¼]`sus�i�ev_a\X\ql5z'��j�]a_`i�opi�gVck]a��]`_a]ad���\VoLi�gVt9j¶c�dki�l¶]`c3ins�ckbueki���]`sÌdkj�i
\qbudfine¼_`\R\ql�����dkj�i�l�ek]ar=gY_ gVs��@��b�gV_ l�_`gVs�s�]as�xÌc�dki�l�cn��[(j�i�gV_`xV\qek]ydfj�r iN�Xl�_a\q]adkc¡c�dfgVs��|gYek�
¿À�1[(��lueki�tn\qs���]ydf\qsui�ekcnz*s|gVr^i�_y�{dfj�i¤�Rt9jRbueZgYs��Ì_`bur
l�i��Ì\Vs�i�cn�w[(jui¤gV����]ydf]`\Vs|gV_"ckl�i�in��b�l�\Vo
t�\qs��qinekxqins�t�i/]`c1gYt9j�]`iN�qi��
���¤gVl�l�_a]`t�gYdf]a\qs¼£ve��R_`\Î�Zd��Xl�i�gVt�tni�_ai�efghdf]`\Vs¼ckt9j�inr
iY�1[(j�i8gY_`xq\qe�]adkj�r
iN�Xl�_`\V]adfc�g¼xq_a\q�|gV_a]`§�gYdf]a\qs
c�dfekgYdfinxV��]`s{\qe���i�e(dk\
gYt9j�]`iN�qiwr
\qsu\Vdf\qsu]`t8xV_`\q�|gY_*t�\qs��Vi�ekxVi�s�tniV�

[(jui�ckint�\qs���gV_axq\qe�]adfjur ]`cZ�|gVckin��\qs�dfjui�[�¿À�1[(� �9���u\qr=gY]`sE�ui�t�\Vr
l�\qck]ydf]a\qs*z�g«�YgVek]`gVs�d
\Vo(dfj�i�¿À�1[(� �9�qzÀ��j�]at9j�dfe�i�gYdkc¤gV_`_1dfjui��'\qbus��|gVe��Etn\qs���]ydf]`\Vs�cZ����¦�gYxqefgVsuxqi=r¡bu_adf]al�_`]ai�e�c�z�ck\
dfj|gYdvgV_`_"dfj�i¼c�b�����\qr
gV]`s�c8gVekisr|\�gYdk]`s�x�z5gVs��Ìdkj�i�]ae3�Vineks�in_`cmgVe�i¼�Rsu\»��s¶g�l�e�]`\qe�]�gYs���t�gVsB��i
b�ckin��]`s=tn\qs�c�dfekbutndf]a\qs�\Vo*dkj�i3s|ghdfb�ekgV_'tn\�gVe�cki3xqe�]`�*���Td i¯�ulu_`\q]ydfc}e�i�tni�s�df_y�=l�e�\ql�\qckin�{��ª«µ8¦�³}�
gV_`xq\Vek]adkj�r��

[(jui��Y¬ luek\q��_ai�rÐ]`s��q\V_a�qinc^Ã�e�i�tNd9gVs�xV_`i�c¼]as�r¡budkb|gV_}tn\qs�d9gVtNd
gVc¼]ad�]`c¼��inl�]`tNdfi��@\qs�dkj�i
¿�]`xqbueki¶�Î�u�ÄÃqgu�Ê[(j�iÌ_aino d
eki�tNd9gVsuxq_`inc�gVe�i«Éu�Xi��Ê\qs�dfj�i_`ino d
ck]a��i�©p��_`buiÌgVe�ek\Î��c9®¼��j�]`_ai�dkj�i
ek]`xVj~d/\qs�incvgVe�i�opekini¡gVs��Ìdkj�in�gVe�i�_`\qgV��i���© ekin��gVeke�\Î��c9®/c�b�t9j�g
�}gÎ�«dfj|ghd8dfjui¡l�ek\V��_`inr j�gVc
b�s�]�R~b�i¤c�\q_`budk]`\qs5�
��gVt9j�ekintnd9gYs�xq_`i¼��i�e�i
opb�e�dfj�inew�ui�t�\Vr
l�\qckin��dk\�dkj�i¤±«c�b���ekintndfgVs�xq_ai�cZgVs��
dfj�inekinop\Veki�dkj�i¡\qe�]`xq]as|gV_Pl�e�\q��_`inr ��i�e�i¼��i�tn\qr^l'\qc�i��Ìdk\4�Y±�ckbu�'��\Vr=gV]as�c�z�ckini¤¿�]`xVb�eki
�Î�u�ÄÃV�¾®N�
[(j�i}l�i�e�op\qekr
gVs�tniL\Yo�dfj�i}gV_`xV\qek]ydfj�r^cP¿À�1[(� �,¬8���E���ZÒ/iN�(df\qs¡gVs���[�¿���[(� �f� ������ª«µ3¦"³ �B]ac
t�\qr^l|gVe�i��w]`sw[�gV�u_`i��Î�u�y�ÎÂu��ß3budfine�]ydfi�ekgYdf]a\qs�c"gVe�i�bucki���\qs�_a�3]`smdfj�iLt�gVc�i�\Yo¾��ª«µ8¦"³ �Br
iNdfj�\R�
��j�]`_ai¡dfj�i^s~b�r¡��i�ew\Vo c�b���]adki�ekgYdf]a\qs�cm]`cmb�c�i��E\Vs�_a�B]as�r^indkj�\R��cw¿À�1[(� �,¬3����[(j�i^s~b�r¡��i�ew\Vo
��b|gV_Xl�_ÈgVsus�]`s�xVcÀgVs��¼luek]`r
gV_~l�_`gVs�s�]as�xqc�\Yo5¿���[(� ��¬3�L�@r^indkj�\R��cÀt�\Vekekinckl�\qs���cÀdk\3dfj�i}sRbur¡�'ine
\Vo�i¯�Xl|gVs�c�]`\qs«gVs���l�ek\Vl'\qe�df]a\qs�]`sux¡c�dki�l�c�]`s�dfjuiZt�gVckim\Vo1��ª«µ3¦"³ ��r
iNdfj�\R�*��[(j�i�e�inop\qe�iwdkj�in�
ckj|gVe�iZdkj�i¡cfgYr
iZt�\q_ab�r
s�op\qe�i�gVt9jBr^indkj�\X�uc��8[(jui¡s~b�r¡��i�ekc8\qsdfjui�_`iNo d8c�]`��i�\VoÀdfjui¡ck_`gVckj�inc
eki�lueki�c�i�s�d3s~b�r��'ine/\Vo�]adki�efghdf]`\Vs{op\Ve dfj�iwl�ek\V��_`inr ��]adfj«Ã¤ckb�����\qr
gV]`suc/gYs���dkj�iwsRbur¡�'inekc/\qs
dfj�i�ek]axqj�d
c�]`��inc
e�i�l�e�i�c�i�s�d�dfjui«s~b�r¡��i�e^\Vov]ydfinefgYdk]`\qs�c¡op\VeÍ�h±�c�b��'�u\qr=gY]`s�c^l�ek\V��_`inr«��[(j�i
eki�c�b�_adk]`s�x¼�uinop\qe�r=gYdk]`\qs���]ydfj{��]ac�dfe�]`��bXdf]`\Vs�\Vo�dkj�ivc�dkekinckckinc3gVe�im��i�l�]atndki���]`s�dfj�iw¿�]axqb�e�i¡�Ì�u�é±��

[�gV�u_`i¤�Î�u�y�ÎÂu¨�µ8_axq\qe�]adfjur
c�l'ine�op\qe�r=gVsut�ivop\qe��V¬Ocki�r^]`tn\Xinektn]a�qiml�e�\q��_ai�r¸��]ydfj«Ã
gVsu���Y±^ckbu�X�
��\qr
gV]`s�cn� ß3budki�e(]ydfi�en� ªgV]`s{]ydfi�en� ckb���]ydfine�� ��e�]`r
gV_5lu_ÈgVs*� ¬8b�gV_Pl�_ÈgYs*�

©����Xl*��c�dfinl¾® ©��1e�\ql'\Ve�d��Ï®
¿À�1[(� ��¬3�L� � �Î¹q½V�&� ��½�� �q½~� ��½��
[�¿À�1[(� �f� �Î½~�X� Âq½VÃq  � ��½X�Î  �»½V�
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g�®��V¬Ol�ek\V��_`inr¸��]adkj«Ã¼c�b��'�u\qr=gY]`s�c �¾®��V¬Ol�ek\V��_`inr ��]adkj��h±^c�b�����\qr
gV]`s�c

¿�]`xqbueki���u�ÏÃX¨Í�Y¬ r
\R��i�_Lt�\Vs~dfgVtnd¤luek\q��_ai�r �vtn\qsuop\qe�r
]as�x�ui�t�\Vr
l�\qck]ydf]a\qs�c¡gYs���s�\R�|gV_L��]`c,�
t�ekiNdf]a§�gYdk]`\qs�c

g�® �V¬�l�e�\q��_ai�r ��]ydfj{r
gYdft9j�]as�x¤xqek]a��c �¾® �q¬Ol�ek\q�u_`i�r ��]adkj�su\qs�r
gYdft9j�]as�x¤xqek]a��c

¿�]`xqbueki���u� ¹R¨
�V¬ r
\R��i�_Lt�\Vs~dfgVtnd¤luek\q��_ai�r �vtn\qsuop\qe�r
]as�x�ui�t�\Vr
l�\qck]ydf]a\qs�c¡gYs���s�\R�|gV_L��]`c,�
t�ekiNdf]a§�gYdk]`\qs�c
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[(jui�ckint�\qsu�B�q¬ r^\R��i�_"l�e�\q��_`inr t�\Vs�ck]ac�dfc/\Vo>�¼��ek]at9�~c8]`s�r¡budkb|gV_"t�\Vs~dfgVtnd��([(j�i���\Vd�df\qr
��ek]at9��]ac
Éu�Xi��F]asFgV_a_/��inxqekini�c�\Yowope�i�in��\qr ��j�]`_ai�dkj�iÌb�l�l�i�e=\qs�iÌ]ac
Éu�Xi��Ê\qsu_a��]`s�c�b�t9jÇg
� g��qz/dfj|gYd{\Vs�_a���qine�df]at�gV_ve�]`xq]a����\X�u�Ër
\Î�Vi�r^i�s�d{]`c{gV_a_`\Î��i��*�$[(jui¶c�]adkb|gYdf]a\qs�]ac���i�l�]atndki��
]`s�dfjui�¿�]`xqb�e�i��Î�u�Ï¹X�tXEi�j|g��qi¶gVs�gV_a�R§�in� �Et�gVckinc��Á[(j�iBÉ|e�c�d�\qs�iYz/��]adkjÊr=gYdkt9j�]`sux�xqek]a�
\qs�dkj�i=tn\qs�d9gVtNd¼]`s�dfine�o gVtni
lueki�c�t�e�]`��i�c¡s�\R��i¯�Tdf\h��s�\R��i^t�\qs�d9gYtnd¡tn\qs���]ydf]a\qs�c��{[(j�i
ckint�\qs���\Vs�i
gV_`_a\»��cLs�\qsur=gYdkt9j�]`sux¡xqek]a��c gYs���dfj�i8r
\qe�d9gVe�i�_ai�r^i�s�dfc}��i�e�ivb�ckin��op\qe gVc�ckinr¡��_`]as�x¡\Vo"tn\qs�d9gVtNd
t�\qs��u]adf]a\qs�cn�E[(j�i�ekinckb�_ydf]`suxBl'ine�op\qe�r=gVsut�i�\Vo8gV_axq\qek]ydfj�r^c�]ac¡t�\V_`_`intndki��@]`s�dfjui�[�gV�u_`iB�Î�u�s���u�
�}\q_`b�r^s�c(]as�dfj�]ac�dfgV��_ai3j|g��qimdfj�imckgVr
imr^i�gVsu]`s�x¤gVc(]ase�V¬�t�gVckiY�

[�gV�u_`i����u� ���u¨Àµ8_axq\qe�]adfjur
cLl'ine�op\qe�r=gYs�t�i�op\qe(�q¬Æl�e�\q��_ai�rÁ��]adfj�r
gYdkt9j�]`s�x�gVs��{s�\qsur=gYdkt9j�]`sux
xqek]a��\qs«tn\qs�d9gVtNd�]`s�dfine�o gVtniV�

ß3budki�e(]ydfi�en� ªgV]`s{]ydfi�en� ckb���]ydfine�� ��e�]`r
gV_5lu_ÈgVs*� ¬8b�gV_Pl�_ÈgYs*�
©����Xl*��c�dfinl¾® ©��1e�\ql'\Ve�d��Ï®

¿À�1[(� ��¬3�L� � �h±~½~�VÃ �q�»½X��� ¹q½V  ��½��
[�¿À�1[(� �f� ����½X�Ì� �YÂ�½~�VÂ � ����½~��� ��½��

���
	�u v ��Æ�O�|��EwG

�����x=���� AC&(W/�P2¡2,#�6/�PK1)Ë-8)u&1032,�"!
²/i�e�i{��l�e�i�ckins�d�l�e�i�_`]ar
]as|gVe���s~b�r^i�e�]`t�gV_ iN�Xl�i�e�]`r^i�s�dfc¤op\qe¼t�\Ri�e�t�]y�qi{_`]as�i�gVe¼r^\R��i�_ luek\q��_ai�r
t�\qr^l|gVe�]`s�x=É�s�]adki
gYs���]adfinefgYdk]a�Vi¼ck\q_abudf]a\qsB\Vo�t�\�gVe�cki¤l�e�\q��_`inr
c8\Vo�dkj�i¼dfj�]aek�Bd��Rl'i¤]as�t�_ab���]`sux
]`s�i¯��gYtnd{ck\V_`budk]`\qs���]ydfjÇ�(� ]`sFc�]`r^l�_`iky/��tN�Rt�_`i�¤op\V_`_`\Î��]as�x�dfgV��_`inc�xq]a�ViB\Î�qi�e��R]`in� \Vo��(�
]adfinefgYdk]`\qsuc*op\qeN�Î��_`iN�qin_Rr^indkj�\R�Zxqins�i�ekgYdfin�¡���wl|gVefgYr
iNdfi�e�c

H1, h1

\qsZdkj�i�É�ekc�d�_`iN�qin_ugVsu�
H2, h2\qs
dkj�i3ckint�\qsu��_`in�Vi�_���ß8dfj�ine}ek\Î��c�xq]a�Vi8l�e�]`r
gV_ ½Y�ub|gV_ ½ht�\qe�s�i�e�© �L½V¬v½q�(®��u]`r^i�s�c�]`\qs�cnz~sRbur¡�'ine

\VoP�(��]ydfinekc���op\qe�t�_`gVck]at�gV_u¿À�1[(� �,¬3�Ê© É|s�]adkiÎ®1gVs��¼dkj�i�s
sRbur¡�'inekcL\Vo*�(��]adfinekc1\qs¤É|e�c�d¯½hcki�tn\qs��
_`in�Vi�_Lck\q_y�qin��]adfinefgYdk]a�Vi�_a�Bdk\xq]y�qins�l�ekint�]ack]`\Vs�\qew�~��xq]y�qi�sEsRbur¡�'ine�\Vo�]ydfinefgYdk]`\qs�cm\qsEcki�tn\qs��
_`in�Vi�_�z5��j�i�s���i¼l'ine�op\qe�r gV_y� g��Rcv\qs�i¤�(� ]adfinefgYdk]`\qs«\qsBdfj�i¡É�ekc�dm_ain�Vi�_À����Óv�Lª�L�m���*[(j�]ac
t�\�gVe�cki{l�e�\q��_`inr \Vo�dfj�i�dkj�]`e��@d��Rl�i«lu_Èg��Rc
gY_`ck\Bdkj�i{ek\q_ai�]`s@r
\Vs�]adk\qek]as�x«dkj�i{l�ek]ar=gV_�i�e�ek\qen�
¿¾\V_`_`\Î��]as�x�d9gV�u_`i�c���]ydfj�lueki�_a]`r^]`s|gYe���eki�c�b�_adkc«]a_`_ab�c�dkefgYdkiB�'inj|g��X]a\qb�e{\Vo^ª«¿À�1[(� �,¬3���/[�gV��_ai
�Î�u�s�X�=c�j�\Î��c�dfj�i
��i�l�i�su��i�s�tni�\Vo(s~b�r¡��i�eZ\Vo��(�´]adki�efghdf]`\Vs�cvop\qe¡Óv�Lª�L�m�Odk\��int�eki�gVck]as�x
��]`c�t�ekiNdf]a§�gYdk]`\qs�l|gYefgVr^indki�e

h1

z|] �éiV�1]as�t�e�i�gVc�]`s�x
1/h1

z|�Yi�inl�]`s�x^��int�\qr^l'\Vck]adk]`\qs�l�gVefgVr^indki�e
H1Éu�Xi��*�¡[�gV��_ai��Î�u�s�~�=��inl�]`tNdfcvs~b�r¡��i�e�cm\Vo}�(� ]adki�efghdf]`\Vs�c/op\qevÓm�Lª�L�m�Jop\qe3luek\q��_ai�r^c8��]adkj

s�i�gVe�_a�¶cfgYr
i^l�ek]ar=gY_L�u]`r^i�s�c�]`\qs*z"op\qeZgV_`_���int�\qr^l�\qck]ydf]`\Vs�c�¨ 1
H1

· 1
h1

' 100
z�dkj�i�c�i�sRbur¡�'inekc

�VgYek]`inc(r
\R��inefgYdki�_a�V�1[�gY��_`incv�Î�u�s�V�¤gVs��¶�Î�u�s�Y±¤l�ekincki�s�d/s~b�r¡��i�e�\VoÀ�(� op\qe Éu�Xi��
1/h1 = 4

\qe
1/h1 = 8

gVsu�¶�ui�t�e�i�gVc�]`s�x
H1

z�]��ÄiY�¼]`s�tneki�gVck]as�x
1/H1

z"]`s���\Vdfj�t�gVckincZ]ac3dfj�i¤efghdf]`\ H1

h1

tn_`\qc�i
df\��qz¾ck\
dkj|gYd�dfjuiZs~b�r^i�e�]`t�gY_Pckt�gY_ÈgV��]a_`]yd��=\Vo�ª¿À�1[(� �,¬3�F]ac��ui�r^\qs�c�dkefgYdki��*�}[(j�iZe�i�c�b�_adkc8gVe�i
��efg���s�]`s�¿�]`xqbueki�c
�Î�u�Ä gVsu�F�Î�u�ÄÂ��vi�gVt9j�_`]as�i
tn\qeke�i�c�l'\qsu��c¡df\Ì\Vs�i�ek\Î� \Vo��(� ]adki�efghdf]`\Vs�c�z
iN�Xt�_ab���]`sux^e�\Î��c���jui�s«dkj�iml�ek\V��_`inr �}gVc/c�\q_a�Vi��{df\¼dfjuiwlueki�tn]`c�]`\qs
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[�gV�u_`i¼�Î�u�s�X�q¨1��sut�eki�gVck]as�x^sRbur¡�'ine(\Vo��(�Oop\qe Éu�Xi��
1/H1 = 6

gVs�����i�tneki�gVck]as�x
h1

1/H1
ó ó ó ó

1/h1
ö ô í¯ï í¯ó

1/H2
ö ö ö ö

1/h2
ö ± ± ög è�h�è�i í¯ôÎñÎñ»ènöhòÎñ»è�îÎñ îÎôÎòÎï»è�ðÎò�öYè�îÎñ í¯ïqí¯óÎô»èVíföhòÎô»è�îÎñ ïÎñÎôÎñÎô»èVí¯ð�öhï»è�îÎñ

;fìyë{z�â|;¯ë�ìx}�í9økú�ó öÎö õ�ñ ôÎð í¯ñ»õ
í�}äí9økú�ó»è�ï�}äí9økú�ó îqíNèÎõ�óÎð õ�ð»èVíÎí¯ô»õ í¯ñÎñ»èVí¯îqí¯ï í¯ïÎò»èVí¯ôÎó»õ
í�}äí9økú�ó»è�ï�}Ñî{;4< õnöYè�ò»õ�ñ í¯ïqíNè�óÎñÎî íNõnöYè�ô»õ�ñ ïqí¯ñ»èVí¯ñÎîÎñ
í�}äí9økú�í¯ñ»è�ï�}Ñî{;4< í¯ï�öYè�óÎïÎñ í¯ðÎð»è�ðÎðÎî ïÎôÎï»èVífö~í¯ñ ò�öhò»èVíNõVí¯î

[�gV��_`i¼���u� ���X¨�Ò/b�r��'ine�\Yo1�(��op\Ve 1
H1

· 1
h1

' 100

1/H1
ö î ó õ ô

1/h1
ïÎî ïÎñ íNõ í¯ò í¯ï

1/H2
ï ò ö î ó

1/h2
ï ò ± · Ã

g è�h�è�i ïqí¯óÎòÎï»èVí¯ïÎôÎñ»èVí¯ô ïÎïÎñÎîÎñ»èVí¯óÎî»õÎè�òÎï ïÎòÎòÎïÎô»è�ïÎñÎóÎô»è�îÎñ í¯ðÎïÎñÎô»è�ïqí¯óÎï»èÎõ�ï ïqí¯óÎòÎï»è�ïÎóÎï�öYè�ðÎô
;fìyë{z�â|;¯ë�ìx}�í9økú�ó íÎí¯î íÎíNõ íÎífö ðÎô í¯ñÎñ
í�}äí9økú�ó»è�ï�}äí9økú�ó í¯ò�öYèVí¯î»õÎõ í¯ò�öYèVí¯ô�öYõ í¯ïÎô»èVí¯ðÎïÎî íÎí¯ñ»èVíNõ�ñ»õ í¯ñÎð»èVíNõ�òÎñ
í�}äí9økú�ó»è�ï�}Ñî{;4< ïÎñÎô»èVí¯ñ�öhñ ïÎòÎô»èVíÎí¯ðÎñ ïqí¯ï»èVí¯ñÎóÎñ í¯ð�öYè�ð»õ�ñ í¯îÎî»èÎõÎõ�î
í�}äí9økú�í¯ñ»è�ï�}Ñî{;4< òÎòÎò»èVí¯óÎóÎî öhñÎò»è�ïÎñqí¯î ò�öhò»èVíNõVí¯î òÎïÎó»èVí¯óÎòÎñ ïÎîÎï»èVí¯ïÎóÎñ

[�gY��_`i¼�Î�X� �V�X¨�Ò/b�r¡��i�e(\Yo1�(� op\qe ÉX�uin�
1/h1 = 4

gYs��«�ui�t�e�i�gVc�]`s�x
H1

z H1

h1
∈
[

4
7
, 1
]

1/H1
ö î ó õ

1/h1
ö ö ö ö

1/H2
ï ò ö î

1/h2
ï � ± ·

g è�h�è�i ôÎñÎñ»èVí¯ôÎô»èVí¯ô í¯ïÎîÎñ»è�ïÎð»õÎè�òÎï í¯ôÎñÎñ»ènöhòÎñ»è�îÎñ ï�öhîÎñ»è�îÎô»õÎèÎõ�ï
;fìyë{z�â|;¯ë�ìx}�í9økú�ó òÎô öhò öÎö öYõ
í�}äí9økú�ó»è�ï�}äí9økú�ó öhò»è�îqíÎí öhð»è�óÎóqí îqíNèÎõ�óÎð îÎò»è�ôÎï�ö
í�}äí9økú�ó»è�ï�}Ñî{;4< óÎñ»è�òÎñÎñ õ�ó»è�òÎôÎñ õnöYè�ò»õ�ñ õ�ð»è�òÎðÎî
í�}äí9økú�í¯ñ»è�ï�}Ñî{;4< ð»õÎènöhôÎî í¯ïÎô»è�ó�öhñ í¯ï�öYè�óÎïÎñ í¯òÎï»è�óÎóÎñ

�Ì�u�



[�gV��_ai¼�Î�u�s�Y±�¨�Ò�b�r¡��i�e(\Vo1�(��op\qe Éu�Xi��
1/h1 = 8

gVs�����int�eki�gVck]as�x
H1

z H1

h1
∈
[

8
11
, 1
]

1/H1
ô ð í¯ñ íÎí

1/h1
ô ô ô ô

1/H2
ó õ ô ð

1/h2
ó ¹   Â

g è�h�è�i í¯ñÎòÎóÎô»èVí¯óÎðÎó»è�ðÎô í¯òqí¯ïÎï»è�ïqí¯óqíNèVí¯ïÎô í¯óÎïÎñÎñ»è�ïÎóÎôÎï»èVí¯óÎï í¯ðÎóÎñÎï»è�òÎïÎîÎð»è�ïÎñÎñ
;fìyë{z,â|;¯ë�ìx}�í9økú�ó õ�ó ôqí ôÎï ôÎò
í�}äí9økú�ó»è�ï�}äí9økú�ó ôÎî»èVí¯òÎî»õ ô»õÎèVíföhñ�ö ôÎð»èVíföhî»õ ðqíNèVíföhô�ö
í�}äí9økú�ó»è�ï�}Ñî{;4< í¯òÎð»è�óÎðÎî í¯ïÎî»è�óÎïÎî í¯ò»õÎè�óÎôÎî íföhï»èÎõVí¯ñ
í�}äí9økú�í¯ñ»è�ï�}Ñî{;4< ïÎïÎò»èVíÎíÎí¯î ïqí¯ò»èVí¯ñÎóÎî ïÎïÎî»èVíÎí¯ïÎî ïÎòÎñ»èVíÎí¯îÎñ

1 1.5 2 2.5 3 3.5 4
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60
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140
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1 1.5 2 2.5 3 3.5 4 4.5 5
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100

120

140

160

180

200

220

240

¿�]axqb�e�i¡�Î�u�Ä u¨�Ò/bur
inek]`t�gV_*c�t�gV_`gV��]`_a]ad��^\VoÀª¿À�1[(� �,¬8��t�\qe�eki�c�l'\Vs���]`sux¤dk\¤[�gV�u_`i�cm�Î�X� �X�Vz5�Î�u�s�~�
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¿�]axqb�e�i¡�Î�u�ÄÂu¨�Ò/bur
inek]`t�gV_*c�t�gV_`gV��]`_a]ad��^\VoÀª¿À�1[(� �,¬8��t�\qe�eki�c�l'\Vs���]`sux¤dk\¤[�gV�u_`i�cm�Î�X� �V�Xz5�Î�u�s�Y±
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�����x=��$# AC&(W/�P2¡%5&�6�SXK�%�S�-8)u&1032,�"!
Ò/b�r^i�e�]`t�gY_�iN�Xl'inek]ar
ins~dkc�op\qe�t�\Ri�e�t�]a�Vi}tn\qs�d9gVtNdÀr^\X��in_~l�ek\q�u_`i�rOgYeki}lueki�c�i�s�dfin�¼]`swdfj�]ac�c�i�tndk]`\qs5�
�vb�ckin�@¿À�1[(� �,¬3�Oekint�b�e�ck]a�Vi�_y��op\qewt�\qgVekc�i�l�ek\V��_`inr gVek]ack]`suxÌgYdZekint�\qs�dfe�b�tndk]`\qsE\Vo

uc
�[�gV��_ai

�Î�u�s�q·�xq]y�qincÀ\Î�qi�e��R]`in��\Vo'�(�F]adki�ekgYdf]a\qs�c"op\qeH�»�T_`iN�qi�_Rr^indfju\X�¡xVi�s�inefgYdki��¼����l�gVefgVr^indki�e�c
H1, h1\qsBdfj�i¡É|e�c�dm_ain�qin_�gVs��

H2, h2

\qsBdfj�i¼c�i�tn\qs��¶_`in�Vi�_��¼ß8dfj�inevek\Î��cmxq]a�Vi¼l�ek]ar=gY_ ½Y��b�gV_ ½Ytn\qeksui�e
©��L½V¬v½q�(® ��]ar
ins�ck]a\qs�cnz�s~b�r¡��i�e(\VoÀ�(�Í]adki�efghdf]`\Vs�c \qs�dfjui^��c�d¯½hsRbur¡�'ine�\Vo1�(�Í]ydfinefgYdk]`\qs�c}\qs
dfj�i��Ys��
_`in�Vi�_ac�zR�'\Vdkj=c�\q_a�Vi��=\Vs�t�i�df\Zdkj�i�eki�_`gYdf]y�qi�l�e�i�t�]ack]a\qs

10−6 z�op\qe Óv�Lª�L�m����]ydfj¤Éu�Xi��efgYdk]`\ H1

h1
= 1

2

zudkj�i�c�iZs~b�r��'inekc(�YgVek]ai�c�r
\R��inefgYdki�_a�VzXdkj�]`c(]as���]`t�gYdfinc(s~b�r
inek]at�gV_*c�t�gV_`gV��]a_`]ad��V�

[�gV�u_`i¤�Î�u�s�q·X¨1Ò�b�r¡��i�e�\VoÀ�(��op\qe Éu�Xin� H1

h1
= 1

2

1/H1

±   í¯ï
1/h1

ï ± Ã
1/H2

� Ã �Ì�
1/h2

� Ã �Ì�
í�} g è�h(è�i ïÎôÎô»è�ô�öYèVí¯ô òÎïÎñÎñ»èÎõ�óÎô»è�ðÎô ífö~íÎí¯ï»è�ïÎôÎñqíNè�ï�öhï
ï�} g è�h(è�i òÎï»è�ô»è�ï ïÎôÎô»ènöhñ»è�îÎñ ôÎñÎñ»è�óÎò»èVí¯óÎï

í�}äí9økú�ó»è�ï�}äí9økú�ó ïÎî»ènö òÎó»èVí¯ò îÎó»èVífö

�Ì�q�



~ ���t���c�?� ���

~ �Í�òýmÿ ú �Dü��$�

[(j�]`c���]`c�ckine�d9ghdf]`\Vs��uin�qin_`\qluc8s�iN��gVbudfju\qe��éc/e�i�c�b�_adkc8gVsu�ekinr=gYek�~c�z�gVs���dfj�iwekinckb�_ydfc�\qs«��ju]`t9j
dfj�i{gVbXdfj�\qe�l|gVe�dk]`tn]`l|gYdki���gYc¤g�r^i�r��'ine�\Vo�dfi�gVr
c�]`s�dfjui���efgVsut9j�\Yo�dkj�i{¿À�1[(� ����gVckin����\h�
r=gV]as��int�\qr^l�\qck]ydf]`\Vs«r^indkj�\X�uc8op\qe/dkj�i¡c�\q_`budk]`\qs«\VoLt�\Ri�e�t�]a�Vi¼gVs��Bc�i�r^]`tn\Xinekt�]y�qiw�VgYek]Èghdf]`\Vs|gV_
]`s�iWRRb�gV_`]ydf]`inc��/[(j�i�c�i^e�i�c�b�_adkc3]`s�tn_`b��u]`s�x^dfj�i¡l�gVefgV_a_`in_�]ar
l�_ai�r^i�s�d9ghdf]`\Vs«gYs��Br=gYs~�«s~b�r^i�ek]at�gV_
iN�Xl'inek]ar
ins~dkc�© tn\qs�t�ineks�]as�xw¿À�1[(� �9�qz~¿���[(� ���Xz~¿À�1[(� �,¬8��zq[�¿À�1[(� �f�qzXª¿À�1[(� �,¬3��z�\qludk]`r
gV_`]yd��
\VoÀ��b�gV_"l'ins|gV_ad��Vz¾indftY� ®=��i�e�i�l�b��u_`]`c�j�i��«]`s¶�Î�¤]`r^l|gVtnd�l|gYl'inekc/gVs��]as�V�^tn\qsuopi�e�i�s�tni¡l|gVl�i�e�c
gVs���dfj�iN�{t�\qs�dkek]`�ubudfin��dk\^�uin�qin_`\qlu]`s�x¤r
gVs���dfj�in\qekiNdf]at�gV_*e�i�c�b�_adkc��

�Rl'int�]ÈgY_*t�\qsuck]`�ui�efghdf]`\Vs���i�_a\qs�xqc dk\¼dfj�imr^\qc�d�]ar
l�\qe�dfgVs�d dfjui�\qe�indf]at�gV_5eki�c�b�_adkc�¨

•
r^\X��]yÉ|t�ghdf]`\VsÌ\Vo}¿À�1[(� �,¬3��op\qevtn\qeksui�ekcw\qsBdfjui
tn\qs�d9gVtNdZ§n\qs�i¼op\qev��\Vdfj¶t�\Ri�e�t�]y�qi^gVs��
ckinr
]at�\Ri�ektn]a�Vi}t�gYcki�cnz~��j�gÎ�Vi(��i�e�]a�Vi��¼dfj�i gV����]ydf]`\Vs|gV_~t�\qsu��]adk]`\qswdfj|gYdÀl�ekincki�e��qincLdkj�i s�\qsR�
l'ins�indkefgYdk]`\qs«]`sB¦"gVxVefgVs�xVi�r¡b�_ydf]al�_`]ai�ekc�gVsu�Ìi�s|gY��_`inc8dfj�i�b�cfgVxVi¡\Vo�t�\Veks�inekc3\qsBtn\qs�d9gVtNd
]`s�dfine�o gVtniVz

•
s�\qe�r=gY_`]`§�gYdf]a\qsÌ\Vo}ek\Î��c�\Yo r^\qe�dfgVemt�\qs�c�dfekgV]`s�dwr=ghdfek] ��_`i�gV��cvdf\«ck]axqs�]aÉ�t�gVs�df_y�Ìc�r=gV_a_`ine
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