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Examples of groups of numbers

Example 1:

Example 2:

Example 3:

EXample 4:

Example 5:

The additive group of integers.

L Let Z be the set of integers.

II. Let + be the binary operation of addition in Z.

III. n+0=n=0+x for every n € Z. Thus (Z,+) has an identity element.

IV. If I, m,n are integers,
(I+m)+n = 1+ (m +n)
ie. (Z,4) is a semigroup.

V. If n€Z, then —n in Z has the property
nt+(—n) =0 = (—n)+n

i.e. —n is an inverse of % in (Z,+). 4

Thus we have shown that the groupoid (Z,+) is a group. This group is usually
referred to as the additive group of integers.
The additive group of rationals.
L Let @ be the set of rational numbers,
II. Let + be the binary operation of addition in Q. '
III. a+0=a=0+a for every a € @, so 0 is an identity element for (@, +).
IV. If a,b,c € Q, then (@+b)+c¢ =a+ (b +c).
V. If a €Q, then —¢ in @ has the property o + (—a) = 0 = (—a)‘ + a.

The additive group of complex numbers.
The description of this groﬁp is left to the reader.

The multiplicative group of monzero rationals.
I.  Let @* be the set of nonzero rational numbers.

II. Let « be the binary operation of multiplication, i.e. the usual multiplication of
rational numbers.

ITI. The rational number 1 is clearly an identity in the groupoid (Q*, -).
IV. If a,b,c€ Q;", then
(@*b)ec = a-(bec)

V. If 2€ Q* sois1/aand 1
. a';=l=—'a

Thus every element of Q* has an inverse.

The multiplicative group of nonzero complex numbers.

This group is very similar to that in Example 4. We shall go through the usual
five stages in setting up and describing the group.

I.  Let C* be the set of all nonzero complex numbers. Thus
C* = {x| x = a+ib where x = 0+ and e,b € R}
Recall that 2 = —1,
II. We define multiplication of complex numbers as follows:
(a+1ib)e+id) = (ac— bd) + i(ad + be)

This is a binary operation in C* since (ac— bd) + i(ad + be) is.a unique ele-
ment in C* (not both ac — bd and ad + be can be zero).

HL 14+i-0=1¢€ C* and it is clearly an identity in (C*, *).
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IV. Suppose a-+1ib,c+1id, e+ if € C*. Then
[(a + ib)(c + id)](e +if) = [(ac— bd) + i(bc+ ad)](e +if)
= [(ac— bd)e — (be + ad)f] + i[(be+ ad)e + (ac — bd)f]
On the other hand,
(a+ ib)[(c+id)(e+if)] = (a-+1ib)[(ce —df) + i(de + cf)]
= [a(ce —df) — b(de +¢f)] + i[blce —df) + a(de+ cf)]
It follows from these two computations that
(a+b)[(c +id)(e+if)] = [(a+ib)(c+ id)](e+if)
V. We have to check the existence of inverses. Thus suppose «+1ib € C*; then
not both @ and b are zero. Hence a2+ b2+ 0 and so
. a . b "
‘ o+ b2 'aZ 1 b2 < €
Moreover,
a . b . . a . b
<a2 T ey bz)(a,-i-zb) = 1 = (a+1b) <a2 Tty b2>
Thus we have proved (C*,¢) is a group and we term this group the multiplicative
group of nonzero complex numbers.
Problems
3.1. Is (S,°) a group if

(i) S = Z and © is the usual multiplication of integers?

(ii) 8 = @ and o is the usual multiplication in @?

(i) S={q]| ¢ €Q and ¢ > 0} and ° is the usual multiplication of rational numbers?

(iv) S={2| 2€Z and z=1V2} and ° is the usual multiplication in Z?

(v) S =R and ° is the usual addition of real numbers?

(vi) S =Z and o is defined by aob =0 for all a,b in Z?

Solutions:

(i) The identity element is the integer 1. (S,°) is not a group because 5& Z but there is no
integer z in Z such that zo5 =50z =1,

(ii) Again the identity is the number 1. There is no ¢ € @ such that go0=1. Hence (S,°) is
not a group. ‘

(iii) (S,*) is a group. Clearly S+ @ and -+ is a binary operation on S. gel1=1-qg=gq for all
g€ S; hence 1 is an identity. Multiplication of rational numbers is associative and every
element in S has an inverse; for if g € S, then %E S and %- g=1=g¢q -%.

(iv) S = since V2 & Z. Therefore (S, ) is not a group.

(v) (S,°)is a group. S ¥ (@ and addition is an associative binary operation on S. r+0=0+r=1r
and r+ (—r) =0=(—r)+r forall rES.

. (vi) (8,0) is not a group because there is no identity element in S.
3.2, Let S be the set of even integers. Show that S is a group under addition of integers.

Solution:

Let o =2a, and b =2b; be any two elements in §. a+b =2(a; +b;) is a unique element
in S; thus addition is a binary operation on S. Associativity of addition in S follows from the as-
sociativity of addition in Z. 0 =2°0 is an identity element in S. If a € S, then —a €S since
a = 20, implies —a = 2(—@,;). Hence a has an inverse in S,as a+(—a)=(—a)+a=0.

3.3. Let S be the set of real numbers of the form a + b\/§ where a,b € @ and are not simultaneoﬁsly

zero. Show that S becomes a group under the usual multiplication of real numbers.



